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On a Population Sizing Model for
Evolution Strategies in Multimodal Landscapes

Lisa Schönenberger and Hans-Georg Beyer

Abstract—This paper derives a population sizing model for
standard Evolution Strategies (ES) in highly multimodal fitness
landscapes with exponentially many local optima. The Rastrigin,
Bohachevsky, and Ackley test functions are considered. Due to the
highly non-convex structure of these functions a detailed analyti-
cal description of the behavior of the ES is a challenge. Therefore,
a model is derived that simplifies the complex structure of the
functions under consideration. The main idea of this model is
the interpretation of local landscape oscillations as frozen noise.
This allows for an estimation of the success probability of the ES
converging to the global optimum and in turn an estimation of
the population size required. It is shown that the population size
scales usually sublinearly with the search space dimension N .
For the Rastrigin and Bohachevsky function, the population size
scales with O(

√
N ln(N)). As for Ackley, the scaling behavior

depends strongly on the initial values. If the algorithm starts in
a certain vicinity of the global optimizer, the dependence on the
dimension N is rather weak. However, if the initial value exceeds
a certain distance R to the optimizer, the population size scales
exponentially with R.

Index Terms—Evolution Strategies, global optimization, multi-
modal objective function, global convergence, population sizing

I. INTRODUCTION

Optimization in highly multimodal, real-valued fitness land-
scapes is a challenging topic and the theoretical analysis is
still in its infancy. Due to their underlying stochastic nature,
Evolution Strategies (ES) have proven to be well suited for
the optimization of highly multimodal problems. However, the
success rate of ES for finding the global optimizer depends
strongly on the population size, as already observed in [1]
for the CMA-ES [2]. This also holds for (µ/µI , λ)-ES using
isotropic mutations with σ self-adaptation (σSA) or cumulative
step-size adaptation (CSA) for mutation strength control. On
the one hand the population size must not be too small; in
this case the ES will not find the global optimizer. A too large
population size on the other hand would require too many
resources. Furthermore, the optimal population size depends
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on the search space dimensionality N . This is because the
number of local minima typically increases with increasing
N .

This increase usually disqualifies the application of clas-
sical non-linear optimization algorithms. That is, single-run
gradient-based strategies are not able to find the global opti-
mizer. Instead, restart strategies must be applied. However,
since the number of restarts must increase exponentially
with N , such strategies are not a real alternative because
this implies an exponentially increasing number of function
evaluations. In contrast, there are indications that for ES
the population size scales slower than exponentially, at most
quadratically or even partially sub-linearly with the problem
dimension, thus, keeping the number of function evaluations
at a moderate order. In [1] this was experimentally demon-
strated for several multimodal test functions, such as Rastrigin,
Bohachevsky, Ackley, Schaffer, and Schwefel. In [3] these
experimental results were confirmed by an analytical model
for the Rastrigin function.

It is the aim of this paper to extend this model to other
multimodal test functions that share certain similarities with
the Rastrigin function, i.e., the Bohachevsky and the Ackley
function. As a result, population sizing equations will be
obtained that scale sub-linearly with the search space di-
mension N . The approach taken and findings made may be
regarded as one of the first steps towards an analysis of ES
on highly multimodal optimization problems. The population
sizing results can be used to evaluate the effectiveness of
population sizing rules. This in turn may be a starting point
for further algorithm as well as benchmark designs. Last but
not least, the analysis also provides a deeper understanding of
how ES finds global optima.

The remainder of this paper is organized as follows. After
a short introduction of the ES algorithms, the multimodal test
functions will be introduced in Section III. In Section IV
the frozen noise model will be developed. Equations for the
success probability will be derived in Section V. In Section VI
the scaling behavior of the population size will be investigated.
Finally, a summary of the results and an outlook on future
research will be given.

II. ES-ALGORITHMS

The basic (µ/µI , λ)-ES algorithms investigated here consist
of µ parents and λ offspring with truncation ratio ϑ := µ/λ.
The subscript “m;λ“ denotes the selection of the m =
1, . . . , µ best individuals out of λ. The control of the strength

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

This article has been accepted for publication in IEEE Transactions on Evolutionary Computation. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TEVC.2024.3419931

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

https://orcid.org/0009-0007-5694-7067
https://orcid.org/0000-0002-7455-8686


IEEE TRANSACTIONS ON EVOLUTIONARY COMPUTATION, VOL. XX, NO. X, MONTH XXXX 2

σ of the isotropic Gaussian mutations used is done by either
σ self-adaptation (σSA), see Alg. 1, or cumulative step-
size adaptation (CSA), see Alg. 2. For the σSA-ES the
offspring mutation strengths are sampled from a log-normal
distribution with learning parameter τ . The standard choice
of the learning parameter is τ = 1/

√
2N , which guarantees

optimal performance on the sphere model [4]. A smaller τ
yields a slower adaptation. This is an advantage in case of
multimodal problems, which is one result of the investigations
here. Therefore, a smaller learning rate of τ = 1/

√
8N will

also be considered. For the CSA-ES, the standard choice
for the cumulation time parameter c is 1/N and 1/

√
N

[5], [6], where the latter results in faster convergence but a
lower success probability Ps, which is also confirmed in the
following sections.

III. MULTIMODAL TEST FUNCTIONS

The multimodal test functions considered have a high num-
ber of local optima: Rastrigin, Bohachevsky, and Ackley. The
Rastrigin function FR for an N -dimensional search vector
y = (y1, . . . , yN ) is given by

FR(y) =
N∑
i=1

[
y2i +A (1− cos(αyi))

]
(1)

Algorithm 1 The (µ/µI , λ)-σSA Evolution Strategy

1: Initialize
(
y(0), σ(0), σstop, g = 0

)
2: repeat
3: for l = 1 to λ do
4: σ̃l = σ(g)eτN (0,1) // mutate parental σ
5: ỹl = y(g) + σ̃l (N (0, 1), . . . ,N (0, 1)) // mutate y
6: F̃l = F (ỹl) // evaluate offspring
7: end for
8: Sort Individuals ỹ Ascendingly w.r.t. Fitness F̃
9: g = g + 1

10: y(g) = 1
µ

∑µ
m=1 ỹm;λ // recombine the µ best ỹ

11: σ(g) = 1
µ

∑µ
m=1 σ̃m;λ // recombine the µ best σ̃

12: until σ(g) < σstop

Algorithm 2 The (µ/µI , λ)-CSA Evolution Strategy

1: Initialize
(
y(0), σ(0), σstop, s = 1, g = 0

)
2: repeat
3: for l = 1 to λ do
4: z̃l = (N (0, 1), . . . ,N (0, 1)) // search direction
5: ỹl = y(g) + σ(g)z̃l // mutate y
6: F̃l = F (ỹl) // evaluate offspring
7: end for
8: Sort Individuals ỹ Ascendingly w.r.t. Fitness F̃
9: g = g + 1

10: y(g) = 1
µ

∑µ
m=1 ỹm;λ // recombine the µ best ỹ

11: z(g) = 1
µ

∑µ
m=1 z̃m;λ // recombine the µ best z̃

12: s = (1− c)s +
√
µc (2− c) z(g) // update s-path

13: σ(g) = σ(g−1)exp
(

∥s∥2−N
2DN

)
// update σ, see [6, p.13]

14: until σ(g) < σstop
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Fig. 1. Multimodal test functions for N = 1 and N = 2. From top to
bottom: Rastrigin (1), Bohachevsky (2), Ackley (3).

where the parameter A denotes the oscillation amplitude and α
denotes the frequency. Unless otherwise stated, the parameters
A and α have in all experiments the values A = 1 and α = 2π.
The global optimizer is located at ŷ = 0 and is surrounded by
local minima. The number of local minima is κN −1 where κ
increases with A and α (e.g., for α = 2π, A = 1: κ = 7 and
for α = 2π, A = 10: κ = 63). The top plots of Fig. 1 show
the Rastrigin function with standard parameters for N = 1
and N = 2, respectively.

The Bohachevsky function is given by

FB(y) =
N−1∑
i=1

[
y2i + 2y2i+1

−B1 cos (β1yi)−B2 cos (β2yi+1) +B1 +B2

]
. (2)

The parameters B1, B2, β1, and β2 control the size and fre-
quency of the oscillations of the function. Larger values of
B1 and B2 result in larger oscillations. Larger values of β1

and β2 increase the frequency and therefore the number of
local minima. The standard values of these parameters are
B1 = 0.3, B2 = 0.4, β1 = 3π, and β2 = 4π. Unless
otherwise stated, these standard values will be used for all
experiments. Compared to the Rastrigin function, the Bo-
hachevsky function is not equally shaped in each dimension,
as visualized in the middle-left plot of Fig. 1. It represents
single coordinate contributions of the Bohachevsky function.

The Ackley function is given by

FA(y) = C1 − C1e
−C2

√
1
N

∑N
i=1 y2

i + e− e
1
N

∑N
i=1 cos(γyi)

(3)
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Fig. 2. R-dynamics for 500 (µ/µI , 2µ)-σSA-ES runs with τ = 1/
√
8N

for N = 100. Left plot: Bohachevsky landscape with µ = 50. Right plot:
Ackley landscape with µ = 5. The success probabilities are Ps = 0.88 and
Ps = 0.9, respectively. For each run, the ES was initialized randomly with
distance R(0) = 100 to the global optimizer.

and is represented by the bottom plots of Fig. 1 for N = 1 and
N = 2. The function describes a funnel-shaped surface with
an infinite number of local minima. Larger values of C1 lead
to larger horizontal asymptotes. The larger C2, the steeper is
the slope around the origin. The frequency is determined by
γ. The standard values for the Ackley parameters are C1 =
20, C2 = 0.2, and γ = 2π. Unless otherwise stated, these
parameters will be used in all subsequent experiments.

Figure 2 shows the dynamics of the distance of the parental
centroid to the global optimizer, i.e., R(g) := ∥y(g)∥ of
500 independent σSA-ES runs, Alg. 1, in the Bohachevsky
landscape (left plot) and in the Ackley landscape (right plot).
Most runs converge to the global optimizer, but a certain
percentage of runs is getting trapped in local minima. The
percentage of runs that approach the global optimizer (i.e.,
the successful runs) is referred to as success probability Ps.
The mean value dynamics of the successful runs in Fig. 2
are displayed in Fig. 3 and symbolized by angular brackets.
The gray solid lines represent the distance R to the optimizer,
mutation strength σ and its normalization

σ∗ := σ
N

R
. (4)

The values of σ∗ are represented on the right y-axis. Having
a closer look at the dynamics, one sees that the evolution
process can be divided into different phases. At the beginning
the initial parental centroid is initialized far enough from the
global optimizer. Self-adaptation decreases the normalized σ∗

for the Bohachevsky function, where the initial σ was chosen
too large. For the Ackley function, on the other hand, the initial
σ was (intentionally) chosen too small. Again σ∗ reaches a
nearly constant level that depends on the general structure
of the function, which is further investigated in Section IV.
Getting closer to the global optimizer, one observes a certain
decrease of σ∗ indicating the influence of the local attractors
rewarding local fitness gain due to smaller mutation steps.
That is, the ES reduces the normalized mutation strength σ∗.
Finally, in the third phase, the ES is either trapped in a local
attractor or it has hit the global attractor AES, to be introduced
in Section V-A. In the case of successful runs σ∗ reaches the
constant level again. The conditions under which the global
attractor is reached and the success probability Ps by which
an ES approaches the global optimizer will be determined in
Section V-B.

The solid black line in Fig. 3, shows the standard devi-
ation of the residual part (to be defined below), which was
determined by experiments. The theoretical calculations for the
standard deviation of the residual part are represented by the
dashed-dotted black lines, with the horizontal lines indicating
the asymptotic behavior. This will be further investigated in
Section IV-C. Similar graphs can be obtained for the Rastrigin
landscape. The CSA-ES, Alg. 2, exhibits similar behaviors, see
supplement material.

IV. THE FROZEN NOISE MODEL

A. The Frozen Noise Model in a Nutshell

A theoretical analysis of the behavior of ES is usually based
on progress rate analysis. This approach has been done for
the Rastrigin function in [7]–[9]. However, this approach is
very involved and up to now restricted to the analysis of the
expected value behavior. In this paper we use an alternative
approach first proposed for the Rastrigin function in [3].

The evolution of the ES is interpreted as a walk through
a frozen noise landscape. The derivation of the frozen noise
model comprises two steps.

First, the function F (y) to be optimized is subdivided into
a global part G(y) and a residual part C(y) where the latter
contains the non-convex nonlinearities of F .

F (y) =: G(y) + C(y). (5)

In this paper the global part is assumed to be expressible as a
sphere model, i.e., G(y) = G(∥y∥) = G(R).

Second, the residual part C(y) is replaced by a noise term
the distribution of which and its statistical parameters are to
be determined. In order to further apply the noisy sphere
theory [10] a Gaussian noise distribution will be used as
approximation.

Determining the noise distribution is not arbitrary, but must
reflect the real dynamics of the ES run. To this end it is
important to recall how the ES explores the search space by
a restricted random walk [11]. The ES mutations in Line 5 of
Alg. 1 and Alg. 2 sample the fitness landscape in an unbiased
manner. The direction of the evolution, however, is given by
the selection. From this point of view one may regard the
evolution process as a restricted random walk because of the
selection. Furthermore, each mutation and also the changes of
the recombined parents (Line 10 in Alg. 1, 2) do have a certain
contribution towards the optimizer, but also contributions
perpendicular to it. The length of this perpendicular part is
on average by a factor of

√
N larger than the contribution

towards the optimizer [11]. Furthermore, after the ES has
reached the steady state, each component of y is normally
distributed with mean zero [10]. As a result, the parental
centroids circle around the global optimizer (provided that the
mutation strength is sufficiently large). This may be regarded
as a sampling process, where the distance R to the global
optimizer decreases only slightly from one generation to the
next. If one neglects this small R decrease, i.e., considers the
mutation process under the assumption of R = ∥ỹ∥ = const.
then the fitness distribution of the offspring and therefore its
standard deviation (below denoted as σES to indicate that
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Fig. 3. Mean value dynamics derived from the successful runs displayed in Fig. 2. Left plot: Bohachevsky landscape with µ = 50. Right plot: Ackley
landscape with µ = 5. In addition to the R dynamics, the mutation strength σ and its normalization σ∗ (right y-axis) are displayed. σES(R), (15), (16),
σES(R) |R→∞, (25), (33), σ̂B

ES, (26), and ⟨
√

Var[C]⟩ are discussed in Sect. IV-C. The distance ∆B (40) is introduced in Sect. V-A.

the noise is generated by the mutations of the ES) is solely
determined by the residual part C(ỹ) of F . Thus, the ES “sees”
basically a sphere model disturbed by distance depending
noise. This defines the frozen noise model

F̃ (y) := G(R) + σES(R)N (0, 1), R = ∥y∥, (6)

consisting of the global sphere model part G(y) = G(R) and
a normally distributed perturbation part where its conditional
variance is defined as

σ2
ES(R) := Var[C(y + σz) | ∥y∥ = R], z ∼ N (0, I). (7)

The assumption of a normal distribution in (6) must be
generally regarded as an approximation. However, there is
empirical evidence that this is a reasonable assumption (see,
e.g., Fig. 4). In the following G(R) and σES(R) will be
determined for the different test functions.

B. Building the Models

As for the Rastrigin function (1) the decomposition in terms
of (5) reads

GR(y) :=

N∑
i=1

y2i = R2, (8)

CR(y) := NA−A

N∑
i=1

cos (αyi) , (9)

where R is the distance to the global optimizer. The residual
CR(y) describes the oscillations of the Rastrigin function. It
holds CR(y) ∈ [0, 2NA].
The decomposition of the Bohachevsky function (2) reads

GB(y) := y21 + 3

N−1∑
i=2

y2i + 2y2N = 3R2 − 2y21 − y2N , (10)

CB(y) := (N − 1)(B1 +B2)

−
N−1∑
i=1

[B1 cos (β1yi) +B2 cos (β2yi+1)]. (11)

Note that the global part describes an hyperellipsoid. For
N → ∞ one can neglect the distortion of the 1st and last
y-component to get a sphere model that will be used as
an approximation for smaller N (see also Fig. 5, left plot
for an exemplary comparison). For the residual part it holds
CB(y) ∈ [0, 2(N − 1)(B1 +B2)].
The Ackley function (3) yields

GA(y) := C1 − C1 exp

−C2

√√√√ 1

N

N∑
i=1

y2i

 , (12)

CA(y) := e− exp

(
1

N

N∑
i=1

cos (γyi)

)
. (13)

The global part is a non-quadratic sphere model with a funnel-
shaped surface (see Fig. 1). For the residual part one finds
CA(y) ∈

[
0, e− e−1

]
.

Using (6) together with the global parts (8), (10), and
(12), respectively, one obtains the corresponding frozen noise
models for the Rastrigin landscape

F̃R(y) = R2 + σR
ES(R)N (0, 1), (14)

for the Bohachevsky landscape

F̃B(y) = 3R2 + σB
ES(R)N (0, 1), (15)

and the Ackley landscape

F̃A(y) = C1 − C1e
−C2

R√
N + σA

ES(R)N (0, 1), (16)

where R = ∥y∥. The calculation of σES and the assumption
of a normal distribution are examined in the following.
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Fig. 4. Histogram of residual parts for 300 (50/50I , 100)-CSA-ES runs with c = 1/
√
N and N = 100 in the Bohachevsky landscape at RB

st = 1.02, (36)
(left plot) and in the Ackley landscape at R = 0.22, (middle plot) and R = 0.27 (right plot). Bold solid lines show the pdf of normally distributed variates.

C. Distribution of the Residual Parts

In the noisy sphere models (14) – (16), the assumption of
Gaussian noise was made. For the Rastrigin and Bohachevsky
function, this can be justified by considering the residual parts
CR(y), (9), and CB(y), (11) as a sum of independent random
variables cos (αỹi)

1 for which the central limit theorem of
statistics holds in the limit N → ∞. The assumption of a
normal distribution is confirmed by the left plot in Fig. 4 where
the histogram of the residual part (11) of the Bohachevsky
landscape is shown. The histogram was obtained at the critical
distance RB

st (36) where the probability of getting trapped into
a local attractor gets larger. The bold line shows the pdf of a
normal distribution where the mean and variance were taken
from the experimental data.

The calculation of the noise variances needed in (14)–(16)
starts from (7) by first determining the variance of C(y+σz)
for a fixed parental centroid state y and z ∼ N (0, I)

σ2
ES(y) = Var[C(y + σz)]. (17)

It is assumed that each offspring has the same mutation
strength σ. This is exactly fulfilled for the CSA-ES (Alg. 2,
Line 5), for the σSA-ES it holds asymptotically for N → ∞.
In a second step, averaging over the hypersphere ∥y∥ = R
must be performed

σ2
ES(R) =

∫
∥y∥=R

σ2
ES(y)d

Ny. (18)

This can be done only for N ≤ 2 in closed form, however,
for N → ∞ one can express (18) as an expected value of a
normally distributed random vector [9]

y ∼ N
(
0,

R2

N
I

)
, (19)

σ2
ES(R) = E[σ2

ES(y)]. (20)

The variance and expected value calculations in (17) and
(20) are straightforward but lengthy. They are detailed in
Supplement Section I. Only the calculation of (17) for the

1Here we have used ỹi to indicate the offspring components (see Line 5
in Alg. 1 and 2) that are responsible for the landscape sampling of the ES.

residual (9) of Rastrigin will be sketched. Using (9) in (17),
one obtains(

σR
ES(y)

)2
= A2Var

[
N∑
i=1

cos(αyi + ασzi)

]

= A2
N∑
i=1

Var[cos(αyi + ασzi)]. (21)

Here, the statistical independences of the zi ∼ N (0, 1) have
been taken into account. Since the argument in the cosine can
be interpreted as a random variate x ∼ N (αyi, (ασ)

2) one
can show (see Supplement)

Var[cos(αyi + ασzi)]

=
1

2

(
1− e−(ασ)2

)(
1− e−(ασ)2 cos(2αyi)

)
. (22)

Taking further E[cos(2αyi)] = exp
(
− 2(αR)2

N

)
into account

and substituting this into (22) and in turn into (21), one finally
obtains for (20)(
σR
ES(R)

)2
= A2N

2

(
1− e−(ασ)2

)(
1− e−(ασ)2e−

2(αR)2

N

)
.

(23)

This result agrees well with runs of the CSA-ES and shows
only small deviations for the σSA-ES (see Fig. 1 in the
Supplement). The maximum noise is obtained for R → ∞
since σ = σ∗R/N one finds using (23)

σ̂R
ES := max

R

[
σR
ES(R)

]
= σR

ES(R) |R→∞= A

√
N

2
. (24)

It will serve as an upper bound in subsequent calculations.
For the Bohachevsky function the calculation of σB

ES(R)
using (11) is similar, but there are additional covariance terms.
The resulting rather large variance expression can be found in
the Supplement. It holds

σB
ES(R) |R→∞=

√
1

2
(N − 1)(B2

1 +B2
2), (25)

and the maximum value of σB
ES(R) can be approximated as

σ̂B
ES := max

R

[
σB
ES(R)

]
≈
√

1

2
(N − 1)(B1 +B2)2 −B1B2. (26)
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(see Supplement Section I-B). These values are represented
by the dashed-dotted lines in the left plot of Fig. 3.

In the case of the Ackley function one observes that the
cosine sum appears in the exponent of (13). It is shown in
Supplement Section I-C that the residual part of the Ackley
function becomes asymptotically a log-normally distributed
random variate

CA(y) ≈ e− eN (µA,σA). (27)

This log-normal distribution can be approximated by a nor-
mally distributed random variable with mean and variance

E [CA] = e− eµA+ 1
2σ

2
A (28)

Var [CA] = e2µA+σ2
A

(
eσ

2
A − 1

)
, (29)

where

µA = e−
1
2 (σγ)

2

e−
1
2

(γR)2

N (30)

σ2
A =

1

2N

(
1− e−(σγ)2

)(
1− e−(σγ)2e−

1
2

(γR)2

N

)
. (31)

Therefore,

σA
ES(R) =

√
Var [CA(R)] =

√
e2µA+σ2

A
(
eσ

2
A − 1

)
(32)

(see Supplement Section I-C). The middle and right plot of
Fig. 4 depict the experimentally determined distribution of the
residual part at two different distances. The bold solid line
shows the pdf of a normal distribution with mean and variance
predicted by (28) and (29). The values of σ used for the
calculation of µA and σA were determined by the experimental
values. The pdf of the corresponding log-normal distribution is
not displayed since the differences to the normal distribution
are nearly not visible. Similar to the other test functions
the standard deviation of the residual part CA approaches a
maximum saturation value as R → ∞ as can be seen in the
rightmost graph of Fig. 3. Calculating the limit of (30), one
sees that µA → 0 and for (31) σ2

A → 1
2N . Thus, one gets

from (32) for N → ∞ the saturation value

σ̂A
ES := σA

ES(R) |R→∞=
1√
2N

(33)

after a short calculation. This saturation value is depicted by
the dashed-dotted line in the right plot of Fig. 3.

D. Steady-State in the Noise Model

It is known from the noisy sphere model theory that
an ES optimizing an N -dimensional noisy sphere, FS =
aR2 + σESN (0, 1), with constant noise strength σES reaches
a steady-state R-distribution with Rst := E [R] ̸= 0 where

Rst ≃

√
σESN

4aµcµ/µ,λ
, (34)

see [4], [12]. It also holds for the noisy sphere [10] that under
steady-state conditions, each component of y is normally
distributed with

yi = (y)i ∼ N
(
0,

R2
st

N

)
. (35)

0 500 1000 1500 2000 2500 3000

0

0.5

1

1.5

2

Fig. 5. Left plot: R-dynamics of the noisy hyperellipsoid model (10),
(11) (dark lines) and noisy sphere model (15) (light lines) using σ̂B

ES from
(26). Black dashed line shows RB

st. Right plot: Histogram of all individual
components yi at distance RB

st. Bold solid line shows the pdf of the
N

(
0, R2

st/N
)

variate. Experiments executed for the (100/100I , 200)-CSA-
ES with c = 1/

√
N , N = 100, and RB

st = 0.72, (36).

As already shown in [3], this also holds approximately for the
parental distribution of the ES on Rastrigin as long as the ES
is not trapped in one of the local attractors. In the case of the
Bohachevsky landscape the global part is a hyperellipsoid. As
already state, one can assume that for large N the first and
last component has only limited influence on the steady-state
distribution. Neglecting the first and last component, one gets
the noisy sphere model (15). Using (34) the expected value of
the steady-state becomes

RB
st ≃

√
σ̂B
ESN

12µcµ/µ,λ
. (36)

This is illustrated in Fig. 5 for dimension N = 100, where
the left plot shows that the value of RB

st predicts the residual
distance of the experimental data well. Equation (35) also
holds approximately for the Bohachevsky function, as illus-
trated in the right plot of Fig. 5. The histogram shows the
distribution of all components lumped together. The variance
of the experimental values is 0.0052 as predicted. Note that
the distributions of the single first and single last component
have larger variances which can be neglected. The influence of
this simplification is investigated in supplement Section III-B.

V. THE SUCESS PROBABILITY MODEL

A. The Global Attractor Region

Using the models (14), (15), and (16), the evolution of the
ES in the multimodal landscape can be interpreted as a noisy
minimization problem. Recall that the ES reaches the vicinity
of the global optimizer up to a distance Rst provided that
the noise variance does not change. However, if this distance
is close enough to the global optimizer the noise strength
declines (see Fig. 3) and a large success probability Ps can
be expected. To specify what is close enough, the following
definition is introduced.

The attractor region is defined as the region where the
negative gradient flow goes towards the optimizer. In [3] it
was already shown for the Rastrigin function that the attractor
region is a hypercube

AR
ES := [−∆R,∆R]

N
, (37)
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Fig. 6. Global attractor region of the Rastrigin (left) and Bohachevsky
(right) function with standard parameters for N = 2. Arrows show the
negative gradient flow. The star shows the global optimizer, squares the nearest
stationary points and circles the farthest stationary points (magnified pictures
can be found in supplement Section II-A Fig. 4.)

where ∆R is the distance from the global optimizer to the
nearest stationary points. It holds

∆R ≃ Aαπ

Aα2 − 2
. (38)

This is visualized for N = 2 in the left plot of Fig. 6. For the
Bohachevsky function the saddle point ∆(i)

B next to the global
optimizer in coordinate direction i /∈ {1, N} is given by the
2nd zero of the derivative of (2), i.e.,

0 = 6yi +B1β1 sin(β1yi) +B2β2 sin(β2yi) ⇔ yi = ∆
(i)
B .
(39)

This nonlinear equation can be approximately solved by
expanding the expressions B sin(βyi) into a Taylor series at
x = π/β, i.e., − sin(βyi) = − sin(βx) − β cos(βx)(yi −
x) +O(yi)

2 = βyi − π +O(yi)
2 and it follows after a short

calculation

∆B := ∆
(i)
B =

π (B1β1 +B2β2)

B1β2
1 +B2β2

2 − 6
. (40)

The estimation of the distances to the nearest stationary point
in the first and N th coordinate directions is similar, i.e.,

∆
(1)
B =

B1β1π

B1β2
1 − 2

, ∆
(N)
B =

B2β2π

B2β2
2 − 4

(41)

and the attractor region is a parallelepiped

AB
ES :=

[
−∆

(1)
B ,∆

(1)
B

]
× [−∆B,∆B]

N−2 ×
[
−∆

(N)
B ,∆

(N)
B

]
.

(42)

This is visualized in the right plot of Fig. 6.
For the Ackley function it is not possible to give an exact

equation for the attractor region. Only the stationary points
that lie on the coordinate axis can be determined analytically.
For the stationary points that do not lie on the coordinate axes
an analytical calculation is not feasible. In supplement Section
II-B, the stationary points on the axes are calculated and it is
shown that the attractor region is bounded. The Investigations
in Section V-E will show that the frozen noise model is
not directly applicable to calculate the success probability.
Therefore, a different approach is used which is independent
of the attractor size.

To ensure convergence to the global optimizer, the parental
centroid should be located in the global attractor region, i.e.,

y ∈ AES. Although the attractor regions AR
ES (37) or AB

ES

(42) for the Rastrigin and Bohachevsky function, respectively,
can be specified exactly, the following considerations must be
taken into account for further investigations: A gradient strat-
egy, starting inside the attractor region is always successful.
For an ES this is not necessarily the case. Especially when
the parental centroid is located in a corner, the probability to
produce a better offspring is about 2−N . On the other hand,
when the parental centroid is located outside the attractor but
in the vicinity of an edge, the probability of producing an off-
spring inside the attractor region is approximately2 1/2. This
leads to the introduction of a correction term ε that depends on
the strategy-specific parameters such as the current mutation
strength σ, truncation ratio ϑ = µ/λ, learning parameter τ
or cumulation constant c, respectively. The attractor region
containing the correction term is defined as

AR
ES(ε) := [−∆R − ε,∆R + ε]

N
, (43)

for the Rastrigin function and

AB
ES(ε) :=

[
−∆

(1)
B − ε,∆

(1)
B + ε

]
(44)

× [−∆B − ε,∆B + ε]
N−2 ×

[
−∆

(N)
B − ε,∆

(N)
B + ε

]
,

for the Bohachevsky function, respectively. By introducing ε,
the attractor model can be used for any ES version.

B. Estimating the Success Probability

As illustrated in the figures of Section III the noise strength
σES is bounded. Therefore, it can be deduced from (34)
and (36) that the probability of reaching the attractor mainly
depends on the choice of a sufficiently large population size
µ (assuming ϑ = const.). If the population size is too small,
then Rst is too large and there is no intersection between the
attractor region and the sphere with radius Rst. In this case one
can assume that global convergence is virtually impossible.
On the other hand, if µ is very large such that the Rst-sphere
lies completely inside the attractor region, every ES reaches
the attractor that leads to a success probability near one. For
the cases where the attractor region intersects the Rst-sphere
positive progress is possible with a certain success probability
Ps.

As has been shown in Section IV-D (35), reaching the
steady-state distance Rst the single parental components in
the Rastrigin and Bohachevsy landscape are approximately
normally distributed with zero mean and standard deviation

σst :=
Rst√
N

. (45)

For the Rastrigin and Bohachevsky function the attractor
region containing the correction term ε can be described
by (43) and (44). Taking this into account, one can derive
an equation for the success probability, i.e., the probability
that the parental centroid is located in the attractor region
under the assumption that the single components are normally

2Suppose σ is chosen to be sufficiently small to avoid jumping over the
attractor region, and sufficiently large to overcome the distance to the attractor
region.
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distributed with mean zero and standard deviation σst. Using
the independence of the parental centroid components in the
steady-state, it follows for the Bohachevsky function

PB
s = Pr

[
y ∈ AB

ES

]
= Pr

[(
−∆

(1)
B − ε ≤ y1 ≤ ∆

(1)
B + ε

)
∧ (−∆B − ε ≤ y2 ≤ ∆B + ε) ∧ . . .

∧
(
−∆

(N)
B − ε ≤ yN ≤ ∆

(N)
B + ε

)]
≈ Pr [−∆B − ε ≤ y ≤ ∆B + ε]

N
. (46)

In the last approximation the influence of the first and last
component was neglected, the attractor region is assumed as
a hypercube. This simplification has only a small impact on
further calculations as it is shown in the supplement Section
III-B. Using the fact that the single components are normally
distributed, one gets for a single component

Pr [−∆B − ε ≤ y ≤ ∆B + ε]

=Pr

[
−∆B + ε

σst
≤ z ≤ ∆B + ε

σst

]
=Φ

(
∆B + ε

σst

)
− Φ

(
−∆B + ε

σst

)
(47)

where Φ(z) is the cdf of the standard normal variate N (0, 1)
and σst is given by (45). Thus, one gets for the success
probability (46)

PB
s =

[
2Φ

(
∆B + ε

σst

)
− 1

]N
, (48)

where σst depends on Rst and therefore on the noise strength
σB
ES(Rst). Considering the left plot of Fig. 3, the general

course of the curve is that σB
ES(R) first stays constant for

large R followed by a small increase and then starts to drop
in the region where the distance R is of the order of ∆B.
That is, even if the ES enters the global attractor region AB

ES,
σB
ES(R) is still in the vicinity of its maximum value. Therefore,

the maximum value σ̂B
ES (26) for the Bohachevsky function is

used and it follows from (36) and (45)

σB
st =

√
σ̂B
ES

12µcµ/µ,λ
=

√√√√√ 1
2 (N − 1)(B1 +B2)2 −B1B2

12µcµ/µ,λ
.

(49)

As already mentioned in Section IV, since the global part
of the Bohachevsky function is a hyperellipsoid, the standard
deviation of the first and last component is larger. However, it
can again be assumed that this effect is neglectable for large
N , which is demonstrated in more detail in the supplement
Section III-B. Inserting this into (48), one finally obtains the
success probability in the Bohachevsky case

PB
s =

[
2Φ

(√
12µcµ/µ,λ

σ̂B
ES

(∆B + ε)

)
− 1

]N
, (50)

with σ̂B
ES =

√
1
2 (N − 1)(B1 +B2)2 −B1B2. The derivation

of an equation for the Rastrigin function is almost analogous
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Fig. 7. Success PR
s depending on population size µ for the Rastrigin

landscape. Solid lines show PR
s predicted by (51) with ε = 0 and ϑ = 0.5.

Experimental values are displayed by the stars. From top left to bottom right:
CSA-ES with c = 1/

√
N , c = 1/N , σSA-ES with τ = 1/

√
2N and

τ = 1/
√
8N .

and has already been done in [3]. Using (24) and (34) with a =
1 the success probability of the Rastrigin function becomes

PR
s =

2Φ
√4

√
2µcµ/µ,λ

A
√
N

(∆R + ε)

− 1

N

. (51)

C. Comparison with Experiments

Figures 7 and 8 evaluate the predictive quality of the success
probability (51), and (50) using ∆R from (38), ∆B from
(40) and ε = 0. The equations are represented by the solid
lines and are compared with experimental values represented
by the stars. Each data point was obtained by at least 1000
independent ES runs. The experiments were executed for the
σSA-ES and the CSA-ES. As expected, there are differences
between the experimental data and the predictions. However,
in most cases the general tendencies are well covered by
the predictions from (51) and (50). The shape of the curves
differs more in the case of the Bohachevsky function. The
success probability increases slower than predicted. This is
most evident in the case of the σSA-ES with standard choice
τ = 1/

√
2N where the prediction (50) is not usable.

For both Rastrigin and Bohachevsky, there are considerable
differences between the strategies investigated here. The CSA-
ES with cumulation constant c = 1/N has a larger success
probability than the CSA-ES with the larger cumulation con-
stant c = 1/

√
N . This is also the case for the σSA-ES where

the smaller learning parameter τ = 1/
√
8N leads to larger

success probabilities. For both strategy types, smaller strategy
parameters lead to slower adaptation, which is advantageous in
multimodal landscapes: The strength of the mutations remains
stable longer and sufficiently large so that the probability of
being caught in a local minimum is lower. These observations
do also hold for other truncation ratios such as ϑ = 1/4 (see
supplement Section III-C).
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Fig. 8. Success PB
s depending on population size µ for the Bohachevsky

landscape. Solid lines show PB
s predicted by (50) with ε = 0 and ϑ = 0.5.

Experimental values are displayed by the stars. From top left to bottom right:
CSA-ES with c = 1/

√
N , c = 1/N , σSA-ES with τ = 1/

√
2N and

τ = 1/
√
8N .
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Fig. 9. Success Ps predicted by (51) and (50) with ε values according to Fig.
10 for σSA-ES with τ = 1/

√
8N and ϑ = 0.5 in the Rastrigin landscape

(left plot) and in the Bohachevsky landscape (right plot).

D. Taking Strategy-Specific Properties into Account by ε

Due to the conceptional simplicity of the frozen noise model
presented not all ES specific aspects can be modeled. That
is, the actual size of the global attractor region depends on
strategy-specific aspects such as τ, c, ϑ, etc. To improve the
prediction quality, the correction term ε ̸= 0 is introduced in
(51) and (50). The results for the σSA-ES with τ = 1/

√
8N

are presented in Fig. 9 where ε was chosen according to Fig.
10. The ε values were determined empirically by minimizing
the sum of the squares of the differences between the equations
and the experimental values. In the Rastrigin landscape this
leads to curves that do well agree with the real ES runs, as
visible in the left plot of Fig. 9. For the Bohachevsky function
(right plot), there are smaller deviations. Similar results are
provided for the other strategy types in the supplement Section
III-D.

E. The Ackley Function

Since the size and shape of the global attractor region are not
available it is not possible to derive an equation for the success
probability as (50). Fig. 11 shows the experimental results for
the success probability. Each data point was determined by at
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Fig. 10. Optimal ε that minimizes the deviations between (51) and (50) and
the experimental values of Figs. 7 and 8. Top plot represents the results for the
Rastrigin function and bottom plot for the Boachevsky function, respectively.
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Fig. 11. Success PA
s depending on population size µ in the Ackley landscape

with ϑ = 0.5. Experimental values are displayed by the stars. From top
left to bottom right: CSA-ES with c = 1/

√
N , c = 1/N , σSA-ES with

τ = 1/
√
2N and τ = 1/

√
8N .

least 1000 ES runs. The dependence on N is much weaker than
for the Rastrigin or Bohachevsky function. Especially for the
CSA-ES with c = 1/N , the probabilities become only slightly
smaller with increasing N . For the σSA-ES with τ = 1/

√
2N

and for large N the success probabilities are very low com-
pared to the other strategy types. This is a result of the small
initial mutation strength that prevents divergence but leads to
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Fig. 12. Solid lines show µ̌A from (54) with σ∗ = 10 (left plot) and σ∗ = 20 (middle and right plot). Vertical dashed-dotted lines in left and middle plot
show Rcrit (56).

local convergence in this case. All experiments were executed
with moderate initial values R(0) = 10

√
N and σ∗(0) = 3.

Compared to the other multimodal landscapes considered, the
initial values in the Ackley landscape have a large influence
on the success probability. The initial R distance must not be
too large. This can be explained intuitively. Far outside the
global part of the Ackley function the landscape is very flat,
as visible in Fig. 1. In an almost flat landscape only small
progress is possible due to the oscillations resulting in a large
noise to signal ratio. Thus, no positive progress is possible
and the ES diverges. This is also the case if the normalized
mutation strength is too large. For the noisy sphere model this
has already been investigated. Therefore, an alternative model
approach for the Ackley function can be derived from it, which
is described below.

The maximal normalized mutation strength must fulfill the
sufficient evolution condition [10]

(σ∗
ES)

2
+ (σ∗)

2 ≤ 4µ2c2µ/µ,λ. (52)

σ∗
ES denotes the normalized noise strength [13](

σA
ES

)∗
= σA

ES(R)
N

RG′
A(R)

, (53)

where G′
A is the derivative w.r.t. R of the global part (12)

of the Ackley function. Resolving the equation in (52) for µ
using (53) taking (30), (31), and (32) into account, one gets
µ̌A above which the ES can converge

µ̌A =

√[(
σA
ES

)∗]2
+ (σ∗)

2

2cµ/µ,λ
. (54)

This minimal parental population size is displayed in Fig. 12.
The µ̌A curves reveal a very interesting convergence behavior.
For example, consider the N = 30, σ∗ = 20 curve in the
middle plot and draw a horizontal line at µ = 15. One obtains
three intersection points, R1 < R2 < R3. These points are
displayed in the right plot of Fig. 12. If the parental centroid
of the ES is at a distance R < R1 then the ES converges to
the global optimizer. If R is located between R1 and R3, the
ES will converge to R2, i.e., it ends in a local attractor. If,
however, R > R3 the ES is expected to diverge. That is, the
increase of the necessary population size µ̌A beyond the R3

value is almost exponential w.r.t. the R value: Using (52) with
σ∗ = 0 and (53) with (12) and (33), one finds

µ ≥ N

2
√
2cµ/µ,λRC1C2

e
C2√
N

R
. (55)

Considering the curves for different search space dimension-
alities N in Fig. 12 (left and middle), it becomes apparent that
the value of the local maximum max(µ̌A) of the µ̌A curves
is rather insensitive w.r.t. N 3. This means that choosing a
µ > max(µ̌A) and an initial R being less than a critical
initial Rcrit, the global convergence is ensured independent
of N . This is in contrast to the Rastrigin and Bohachevsky
case.

To calculate the thresholds Rcrit and σ∗
crit beyond which

convergence becomes unattainable, insert the normalized noise
strength (53) with (33) into the evolution condition (52).
The resulting nonlinear equation can be solved approximately,
yielding

Rcrit =
xcrit

√
N

2C2
(56)

σ∗
crit =

√
4µ2c2µ/µ,λ − 1

2

(
N

RC1C2

)2

e
2C2

R√
N , (57)

where xcrit ≈ x(k) is obtained recursively with

x(0) = ln

C1

(
4µ2c2µ/µ,λ − (σ∗)

2
)

2N

 (58)

x(k) = x(0) + 2 ln(x(k−1)). (59)

Comprehensive calculations and experimental results are rep-
resented in supplement Section IV. Equation (56) is repre-
sented by the dashed lines in Fig. 12 (left and middle). It lies
in the region where µ̌A increases strongly.

The severe influence of the initial distance to the optimizer
on the convergence behavior gives rise to the question how this
value is usually chosen in test beds for the empirical evaluation
of evolutionary algorithms. The start value for the CMA-ES
in [1] is randomly initialized within the interval [1, 30]N . The
initial mutation strength σ is set to half of the initialization

3This N -independence also occurs when varying the Ackley parameters or
ϑ.
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interval. Numerous other papers have adopted these starting
values. Rcrit (56) can fall within this initialization interval.
For example, for N = 100, µ = 10, and ϑ = 0.5, it holds
Rcrit ≈ 270 < 300, where 300 is the maximum distance in the
initialization interval. Using Jensen’s inequality, it follows for
the norm of the vector with uniformly distributed components
in [a, b], that

E


√√√√ N∑

i=1

X2
i

 ≤

√√√√E

[
N∑
i=1

X2
i

]
=

√√√√ N∑
i=1

E [X2
i ]

=

√
N

b3 − a3

3(b− a)
=

√
N

3
(a2 + ab+ b2). (60)

The last step uses the second moment of the uniform distri-
bution. Using the above mentioned values, the expected start
distance is less than 176. For these parameters and for the
CSA-ES with c = 1/

√
N , the runs already diverge from a

starting distance of 150.
Swarm optimization algorithms often use a limited search

space of [−32.768, 32.768]
N and an initialization interval of

[16.384, 32.768]
N [14], [−32.768, 32.768]

N [15], or [−5, 5]
N

[16]. Considering these values one might speculate that these
initializations have been chosen within or at the edge of global
convergence. That is, these choices are not suited to show the
limitations of the algorithms. Therefore, test beds should be
adopted to also show the limitations.

VI. POPULATION SIZING

A. Derivation of Parent Population Size

A main question of this paper concerns the choice of µ and
λ that guarantees convergence of the ES towards the global
optimizer. As already mentioned in Section V-B the success
probability mainly depends on the choice of the population
size µ. A large µ leads to a small Rst and the Rst-sphere
intersects the attractor region. Given a fixed truncation ratio
ϑ, it suffices to derive a formula that predicts µ(Ps). It was
shown in Section V-D that (50), (51) in conjunction with
the correction term ε predict the experimental data well.
Therefore, the equations can be used to derive a population
sizing formula and to evaluate its scaling behavior. Solving
(51) for µ under the assumption cµ/µ,λ ≃ f(ϑ) [13, p. 249]
yields for the Rastrigin function

µR ≃ σ̂R
ES

(∆R + ε)24cµ/µ,λ

[
Φ−1

(
1

2
+

1

2
P

1
N
s

)]2
, (61)

where Φ−1 is the quantile function of the standard normal
distribution. For the Bohachevsky function it follows from (50)

µB ≃ σ̂B
ES

(∆B + ε)
2
12cµ/µ,λ

[
Φ−1

(
1

2
+

1

2
P

1
N
s

)]2
. (62)

(61) and (62) with ε = 0 behave asymptotically like [3]

µ = O
(√

N ln(N)
)
. (63)

As there is no analytical characterization of the success
domain for the Ackley function, it is not possible to provide
a µ-dependent equation for the success probability. However,
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Fig. 13. Population size for Ps = 50% (lighter curve and markers) and
Ps = 99% (darker curve and markers). Upper plot shows the results for
Rastrigin and lower plot for Bohachevsky, both with ϑ = 0.5. Bold lines
show (61) and (62) and symbols represent the experimental results. Gray
dashed-dotted lines show functions ∝

√
N ln(N) for comparison.

(54) describes the minimal value of µ above which an ES can
converge. Fig. 12 illustrates that there is a local maximum for
R < Rcrit. It follows that

µA = max
R

[
µ̌A(R) | R < Rcrit

]
(64)

is an upper bound for the population size required to achieve a
success rate of 1. Fig. 12 also shows that µA strongly depends
on σ∗. On the other hand, the value of the steady-state σ∗

depends on µ and on strategy-specific parameters. Therefore,
within the current model it is not possible to provide a general
equation for µA. A value for σ∗ must be assumed in order to
determine µA.

B. Comparison with Experiments

Figure 13 compares the predictions of the population size
equations depending on N with experiments. At least 300 runs
were executed to obtain the experimental data displayed by
the markers. The solid lines represent the population sizing
equations (61) and (62) with ε = 0 for Ps = 50% and
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with ϑ = 0.5 and initialization values R(0) = 10

√
N and σ∗(0) = 3. Grey

stars with dashed lines show σ∗ experimentally determined for the CSA-ES
with c = 1/

√
N and µ = µ99. Black stars show µA (64) using this σ∗.

Gray dashed-dotted lines show functions ∝ ln(N) for comparison.

for Ps = 99%. While the theoretical predictions differ from
the experimental values, (61) and (62) predict the general
functional tendency well.

The deviations are due to the different values of ε, see
Fig. 10. For the CSA-ES with c = 1/N , ε is positive and
increases as N increases. This results in an overestimation
of the population size. The scaling behavior is slower than√
N ln(N), which is consistent with the increasing ε values.

For the σSA-ES with τ = 1/
√
2N in the Rastrigin landscape

the population size is underestimated in accordance with
the negative values of ε. The growth rate is slightly above√
N ln(N) for Ps = 0.5 as predicted from the decreasing

values of ε. The growth rate for Ps = 0.99 differs slightly from
the predicted behavior. For both the CSA-ES with c = 1/

√
N

and the σSA-ES with τ = 1/
√
8N the values of ε are

positive and approximately constant with N . The growth rate
is approximately

√
N ln(N). The predicted values from the

equations are an upper bound for sufficiently large N , except
for the Bohachevsky landscape for Ps = 0.99. In this case the
scaling behavior differs. For Bohachevsky and Ps = 0.99, the
experimental values display fluctuations, whereas the values
for Ps = 0.5 follow a rather smooth course. This discrepancy
can be explained by the fact that the increase of Ps within the
vicinity of Ps ≈ 0.99 becomes weaker, see Fig. 8, and that
the data was acquired from a small number of experiments.

In the case of the Ackley function, only an upper bound for
the population size can be given. This means that the success
probability is expected to approach 1 when µ is larger as
predicted by (64). The dashed line with black stars in Fig.
14 shows (64), where σ∗ was determined experimentally for
the CSA-ES with c = 1/

√
N and µ = µ99. The values of σ∗,

µA, and µ99 are almost identical and show the same scaling
behavior. When using other strategy types or varying ϑ or the
Ackley parameters, differences may be larger. In all cases, the
scaling behaviors of σ∗ and µA is approximately but slightly

larger than µ99.
Except for the σSA-ES with τ = 1/

√
2N , the experimental

values increase slower than linearly. For the σSA-ES with
τ = 1/

√
2N , the values of µ are significantly larger and

increase faster than linearly. As demonstrated in Section V-E,
the choice of suitable initial values depends on the strategy-
specific parameters. By choosing different initial values, this
anomalous behavior can be avoided and a sublinear scaling
behavior can also be achieved.

VII. CONCLUSIONS AND OUTLOOK

Each of the multimodal functions considered in this work
can be divided into a global part, where the global optimizer
is the only minimum, and a residual part with several local
minima. The latter part can be interpreted as frozen noise. By
applying the noisy sphere theory, a model has been developed
for the calculation of the success probability Ps to reach the
global optimizer of the multimodal function. Ps depends on the
population size parameters µ and λ. For a noisy sphere with a
fixed noise strength, an ES with a fixed population size cannot
reach the optimizer arbitrarily close, but its parents fluctuate
about the optimizer with an expected distance Rst. These
fluctuations can be interpreted as a global search behavior. If
Rst is sufficiently small the parents hit the global attractor
region. In this region the frozen noise wanes and the ES
converges to the global optimizer. This convergence model is
independent of specific ES strategy parameters and therefore
applicable to different types of ES such as σSA or CSA-ES.
The model was applied to the Rastrigin and Bohachevsky
function, with the result that the parental population size
needed to achieve a satisfactory convergence probability scales
approximately with O(

√
N ln(N)).

Even though the Bohachevsky test function formula ap-
pears more complex than that of Rastrigin, the analysis in
this paper revealed strong similarities w.r.t. the population
sizing behavior. Therefore, from viewpoint of testbed design
for empirical performance evaluations it suffices to include
only one of these test functions. This should be taken into
account when proposing new benchmark competitions. Similar
considerations do also hold for the Ackley function.

As for the Ackley function, the frozen noise model does not
allow for the determination of the success probability as there
is no analytical description for the global attractor domain.
Therefore, a different approach was used.

An upper bound for the population size µ was derived that
mainly depends on σ∗. Since σ∗ increases with N , the upper
bound for the population size also depends on N , but only
weakly. This is in contrast to the the Rastrigin or Bohachevsky
case. However, convergence depends strongly on the initializa-
tion. If the start population is located too far from the global
optimizer the ES will only converge locally or diverge. This
dependency from the initial conditions must be taken more into
account when running empirical performance comparisons of
evolutionary algorithms. The standard initializations found in
literature appear to ensure convergence with a reasonable
success probability for small population sizes (see Fig. 11).
From this perspective the standard Ackley function is not
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a hard test function. However, it could be made harder by
decreasing the C2 parameter in (3). This would elevate the
local µ̌ maximum in Fig. 12.

In addition to the multimodal functions considered, there is
Griewank’s function that can also be divided into a global
part and a residual part. However, the Griewank function
is an exception in the class of these multimodal functions
because the success probability increases with N . The main
reason for this counterintuitive behavior is the fast vanishing
of the noise variance with N . That is, the problem gets easier
with increasing N . From the viewpoint of analysis, a second
peculiarity seems to complicate the application of the model
additionally. The noise cannot be well approximated by a
Gaussian distribution. Both peculiarities make the analysis in
the interesting low-dimensional N cases appear questionable:
The model developed in this paper is based on N → ∞
asymptotics. Thus, yielding only an approximation for small
N that does not perform well for N of the order of 10 or
below. Therefore, the Griewank case needs perhaps another
approach and remains as a topic for another paper.

The investigations presented in this paper do also contribute
to a better understanding of how ES perform search and
locate the optimizers in highly multimodal fitness landscapes.
Contrary to popular belief, the ES does not follow a gradient-
like path. The global optimizer is approached from all sides.
That is, if correctly designed the ES performs a global search.
However, this also means that there must be a global structure
of the fitness landscape that guides the search of the ES in a
highly noisy environment.

The analysis of ES in highly multimodal fitness landscapes
is still in its very first beginning. One may question whether
the results presented and methods developed are useful for
real-world problems. There is no definite answer, yet. This
question defines a research program on its own. Do the
multimodal test functions to be found in the BBOB and CEC
competitions really reflect real-world problems? Furthermore,
progress in a theory-driven analysis will be always gradual.
A possible direction could regard multimodal test functions
where the global part cannot be well approximated by a sphere
model. Also the performance of the ES on dynamically moving
optimizer problems could define a research direction. And on
the algorithm engineering side, the question of controlling the
population size efficiently deserves attention.
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I. DISTRIBUTION OF THE RESIDUAL PARTS

The standard deviation of the residual part is denoted with
σES, i.e.,

σES =
√
Var [C] (1)

where C denotes the residual part of a multimodal function.
The first step in the derivation of σES is the calculation of the
variance of cos (x) where x ∼ N

(
m, s2

)
. According to [1,

p.406], the characteristic function of x using Euler’s formula
is

E[eıtx] = exp

(
ımt− 1

2
s2t2

)
= exp

(
−1

2
s2t2

)
(cos(mt) + ı sin(mt))

= E[cos(tx)] + ıE[sin(tx)]. (2)

Comparing the real parts it follows for t = 1

E[cos(x)] = exp

(
−1

2
s2
)
cos(m). (3)

Using the identity cos(x)2 = 1
2 + 1

2 cos(2x), one gets

E[cos(x)2] =
1

2
+

1

2
E[cos(2x)]

=
1

2
+

1

2
exp

(
−1

2
(2s)2

)
cos(2m). (4)

Taking the identity Var[X] = E[X2] − E[X]2 into account
and use (3) and (4), one obtains

Var[cos(x)] =
1

2
+

1

2
exp

(
−1

2
(2s)2

)
cos(2m)

− exp
(
−s2

)(1

2
+

1

2
cos(2m)

)
=
1

2

(
1− e−s2

)(
1− e−s2 cos(2m)

)
(5)

Each offspring individual ỹl in the CSA-ES is generated from
the parent y with the same mutation strength σ (see Alg. 2
from main paper). It holds ỹi = yi+σzi, where zi ∼ N (0, 1)

and therefore αỹi ∼ N (αyi, (ασ)
2). Inserting this into (5) it

follows

Var[cos(αỹi)] =
1

2

(
1− e−(ασ)2

)
×
(
1− e−(ασ)2 cos(2αyi)

)
. (6)

A. Rastrigin Function

The residual part of the Rastrigin function is

CR(y) := NA−A

N∑
i=1

cos (αyi) , (7)

and due to the stochastic independence of the zi, it follows

Var [CR] = Var

[
A

N∑
i=1

cos(αỹi)

]

= A2
N∑
i=1

Var [cos(αyi + ασzi)]

= A2N

2

(
1− e−(ασ)2

)
×

(
1− e−(ασ)2 1

N

N∑
i=1

cos(2αyi)

)
. (8)

This equation depends on the current location of the parent
y. The components yi in the variance expression (8) can
be removed by an expected value operation. As has been
explained in Section IV-C of the main paper, it holds under
steady-state conditions that the single parental components
are normally distributed with mean 0 and variance R2/N .
Therefore, it follows from (3) that

E[cos(2αyi)] = e−
1
2

(2αR)2

N cos(0). (9)

Inserting this in (8) it follows,

E [Var [CR]] = A2N

2

(
1− e−(ασ)2

)
×

(
1− e−(ασ)2 1

N

N∑
i=1

E [cos(2αyi)]

)
= A2N

2

(
1− e−(ασ)2

)
×

(
1− e−(ασ)2 1

N

N∑
i=1

e−2
(αR)2

N

)
(10)
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Fig. 1. Residual distance dynamics and mean value dynamics in the Rastrigin landscape for N = 100. Left plots: (50/50I , 100)-σSA-ES with τ = 1/
√
2N

and Ps = 0.12, middle plots: (50/50I , 100)-σSA-ES with τ = 1/
√
8N and Ps = 0.6, right plots: (50/50I , 100)-CSA-ES with c = 1/

√
N and Ps = 0.38.

The green line shows the residual distance R, the blue line shows the mutation strength σ and the light blue line its normalization σ∗. The black solid line
shows the experimentally determined values for the standard deviation of the residual part. The dashed-dotted curve shows (11) the theoretical calculation for
the standard deviation of the residual part σR

ES(R) while the dashed-dotted straight line shows its asymptotic behavior σES(R) |R→∞ (12). σ∗ is represented
by the right y-axis, all other values are represented by the left y-axis.

and finally one gets an equation for σES(R) that only depends
on the distance R to the global optimizer, i.e.,

σR
ES(R) =

√
Var [CR]

= A

√
N

2

√(
1− e−(ασ)2

) (
1− e−(ασ)2e−2

(αR)2

N

)
. (11)

If the distance to the global optimizer R is very large, then
the mutation strength σ is also very large, and the exponential
terms in (11) vanish. Therefore, the asymptotic behavior of
σES is

σES(R) |R→∞= A

√
N

2
. (12)

For the CSA-ES this is also the maximum value. For the σSA-
ES each offspring ỹl is generated by an individual σ̃l (see Alg.
1 from main paper). The variation of σ results in covariances,
which leads to a larger standard deviation and complicates the
calculations not considered here. (11) is represented in Fig.
1 by the black dashed dotted curves. The values for σ were
determined experimentally. The straight, dashed-dotted lines
show (12). The black solid line represents the experimental
results. In the bottom plot for the CSA-ES, the differences
between (11) and the experimental results are nearly not
visible. In the left plot for the σSA-ES with τ = 1/

√
2N , there

are small deviations between the theoretical and experimental
values. There is a region where the standard deviation is
slightly larger than the theoretical maximum from (12). Slight
deviations can also be seen for the σSA-ES with τ = 1/

√
8N

in the middle plot, but these are much smaller than those for

τ = 1/
√
2N . The extent of the influence of this deviation on

further calculations is examined in Section III.

B. Bohachevsky Function

The residual part of the Bohachevsky function is

CB(y) :=

N−1∑
i=1

[B1 −B1 cos (β1yi)

+B2 −B2 cos (β2yi+1)]. (13)

The calculation of σB
ES(R) is similar to Rastrigin, but there

are additional covariance terms, i.e., although the individual
mutations zi are independent of each other, they occur twice
for components i = 2, . . . , N − 1 in the sum of (13). Using
the identity

Var [aX + bY ] = a2Var [X]

+ b2Var [Y ] + 2abCov [X,Y ] (14)

for any random variables X and Y it follows for a parent y

Var [CB(y)] = B2
1

N−1∑
i=1

Var [cos (β1ỹi)]

+B2
2

N∑
i=2

Var [cos (β2ỹi)] (15)

+ 2B1B2

N−1∑
i=2

(Cov [cos (β1ỹi) , cos (β2ỹi)]) .
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Fig. 2. Mean value dynamics for the (50/50I , 100)-CSA-ES with c = 1/
√
N in the Bohachevsky landscape with B1 = 0.3, B2 = 0.4, β1 = 3π, and

N = 100. From top left to bottom right: β2 = 4π, Ps = 0.77, β2 = 3.5π, Ps = 0.79, β2 = 3.1π, Ps = 0.81, and β2 = 3π, Ps = 0.85, respectively.
The green line shows the residual distance R, the blue line shows the mutation strength σ and the light blue line its normalization σ∗. The black solid line
shows the experimentally determined values for the standard deviation of the residual part. The dashed-dotted curve shows σB

ES(R) the theoretical calculation
for the standard deviation of the residual parts given by the square root of (22) and (25) for the bottom right plot, respectively. The black dashed-dotted
straight line shows σB

ES(R) |R→∞ (23) and the upper dashed-dotted purple line shows σ̂B
ES (26). ∆B shows (53). σ∗ is represented by the right y-axis, all

other values are represented by the left y-axis.

where ỹi = yi+σzi with zi ∼ N (0, 1) is the single component
of an offspring individual. The calculation of the first two
terms is analogous to Rastrigin. Using (6) and (9) it follows
for a parent y, which is located on the R-sphere

B2
1

N−1∑
i=1

Var [cos (β1ỹi)] =
B2

1(N − 1)

2

(
1− e−β2

1σ
2
)

×
(
1− e−β2

1σ
2

e−2β2
1

R2

N

)
. (16)

Taking the identity Cov [XY ] = E [XY ] − E [X] E [Y ] into
account one gets for the covariance part in (15)

Cov [cos (β1ỹi) , cos (β2ỹi)] = E [cos (β1ỹi) cos (β2ỹi)]

− E [cos (β1ỹi)] E [cos (β2ỹi)] . (17)

The second term of (17) can be calculated with (3), i.e.,

E [cos (β1ỹi)] E [cos (β2ỹi)]

= e−
β2
1σ2

2 cos (β1yi) e
− β2

2σ2

2 cos (β2yi) (18)

=
1

2
e−

(β2
1+β2

2)σ2

2 (cos ((β1 − β2)yi) + cos ((β1 + β2)yi)) .

The identity cos(a) cos(b) = 1/2 (cos(a− b) + cos(a+ b))
was used for the last step. For the calculation of the first term,
use the above identity again and it follows with (3)

E [cos (β1ỹi) cos (β2ỹi)]

=
1

2
(E [cos ((β1 − β2)ỹi)] + E [cos ((β1 + β2)ỹi)])

=
1

2
e−

(β1−β2)2σ2

2 cos ((β1 − β2)yi)

+
1

2
e−

(β1+β2)2σ2

2 cos ((β1 + β2)yi) (19)

Plugging (18) and (19) into (17) one gets for the covariance
term

Cov [cos (β1ỹi) , cos (β2ỹi)]

=
1

2
cos ((β1 − β2)yi)

(
e−

(β1−β2)2σ2

2 − e−
(β2

1+β2
2)σ2

2

)
+

1

2
cos ((β1 + β2)yi)

(
e−

(β1+β2)2σ2

2 − e−
(β2

1+β2
2)σ2

2

)
.

(20)
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Applying (9) to (20), one gets an R-dependent equation for
the covariance term, i.e.,

E [Cov [cos (β1ỹi) , cos (β2ỹi)]]

=
1

2
E [cos ((β1 − β2)yi)]

(
e−

(β1−β2)2σ2

2 − e−
(β2

1+β2
2)σ2

2

)
+

1

2
E [cos ((β1 + β2)yi)]

(
e−

(β1+β2)2σ2

2 − e−
(β2

1+β2
2)σ2

2

)
=

1

2
e−(β1−β2)

2 R2

2N

(
e−

(β1−β2)2σ2

2 − e−
(β2

1+β2
2)σ2

2

)
+

1

2
e−(β1+β2)

2 R2

2N

(
e−

(β1+β2)2σ2

2 − e−
(β2

1+β2
2)σ2

2

)
. (21)

Inserting (21) and (16) into (15) it follows after some straight-
forward calculations that

Var [CB(R)]

=
B2

1(N − 1)

2

(
1− e−β2

1σ
2
)(

1− e−β2
1σ

2

e−2β2
1

R2

N

)
+

B2
2(N − 1)

2

(
1− e−β2

2σ
2
)(

1− e−β2
2σ

2

e−2β2
2

R2

N

)
+B1B2(N − 2)

(
e−

(β1−β2)2σ2

2 − e−
(β2

1+β2
2)σ2

2

)
× e−(β1−β2)

2 R2

2N

+B1B2(N − 2)

(
e−

(β1+β2)2σ2

2 − e−
(β2

1+β2
2)σ2

2

)
× e−(β1+β2)

2 R2

2N (22)

and it holds σB
ES(R) =

√
Var [CB(R)]. This is visualized in

Fig. 2 by the black dashed-dotted curve for the CSA-ES. The
solid black line shows the experimental values for comparison.
Note that the differences are nearly invisible. As with the
Rastrigin function, slight deviations are expected for the σSA-
ES, as there are additional covariances.

Under steady-state conditions, it holds σ∗ ≈ const. and
for R → ∞, the mutation strength σ increases. Thus, the
terms e−β2σ2

vanish and the covariance terms in (22) vanish.
It follows

σB
ES(R) |R→∞=

√
(N − 1)

B2
1 +B2

2

2
. (23)

This is represented in Fig. 2 by the straight black dashed-
dotted line. It can also be seen that (23) is not the maximum
value and that there is an area with an elevation. For large
R, the values agree with the experimental values and (22),
except for the right plot. This plot represents the special case
with β1 = β2. In this case the covariance term in (20) is an
additional variance term. The shape of the curve differs, and
the asymptotic value is larger. Fig. 2 shows that the range of
this increase depends on the difference between β1 and β2.
The smaller the difference, the longer the range extends over
generations.

When β1 = β2, the covariance term in (15) gets
Cov [cos (β1ỹi) , cos (β2ỹi)] = Var [cos (β1ỹi)] and it follows

Var [CB(y)] = B2
1

N−1∑
i=1

Var [cos (β1ỹi)]

+B2
2

N∑
i=2

Var [cos (β1ỹi)]

+ 2B1B2

N−1∑
i=2

Var [cos (β1ỹi)] . (24)

By applying (16) it follows

Var [CB(R)] =
(
1− e−β2

1σ
2
)

×
(
1− e−β2

1σ
2

e−2β2
1

R2

N

)
×
(
(N − 1)

(B2
1 +B2

2)

2
+ (N − 2)B1B2

)
. (25)

σB
ES(R) :=

√
Var [CB(R)] for the case β1 = β2 is shown in

the bottom right plot of Fig. 2.
For a large distance to the optimum, the terms e−β2σ2

in
(25) vanish and it holds

σ̂B
ES :=

√
Var [CB(R)] |R→∞

=

√
(N − 1)

(B2
1 +B2

2)

2
+ (N − 2)B1B2

=

√
1

2
(N − 1)(B1 +B2)2 −B1B2. (26)

This is also the maximal value of (22) which is visualized in
Fig. 2 by the dashed-dotted purple line.

C. Ackley Function

The residual part of the Ackley function is

CA(y) := e− e
1
N

∑N
i=1 cos(γyi). (27)

For an offspring individual ỹ the exponent in (27) is a sum
of iid random variables cos(γỹi). Using the Central Limit
Theorem, it follows that the random variable

∑N
i=1 cos (γỹi)

is asymptotically normal distributed with mean

E

[
N∑
i=1

cos (γỹi)

]
=

N∑
i=1

E [cos (γỹi)]

=

N∑
i=1

e−
1
2 (σγ)

2

cos (γyi) (28)

and variance

Var

[
N∑
i=1

cos (γỹi)

]
=

N∑
i=1

Var [cos (γỹi)]

=

N∑
i=1

1

2

(
1− e−(σγ)2

)(
1− e−(σγ)2 cos(2γyi)

)
, (29)



5

0 100 200 300 400 500
10

-3

10
-2

10
-1

10
0

10
1

10
2

10
3

0

1

2

3

4

5

6

7

8

0 100 200 300 400 500
10

-3

10
-2

10
-1

10
0

10
1

10
2

10
3

0

2

4

6

8

10

12

Fig. 3. Residual distance dynamics and mean value dynamics in the Ackley landscape with N = 100. Left plots: (10/10I , 20)-σSA-ES with τ = 1/
√
2N

and Ps = 0.75, and right plots: (10/10I , 20)-CSA-ES with c = 1/
√
N and Ps = 1. The green line shows the residual distance R, the blue line shows the

mutation strength σ and the light blue line its normalization σ∗. The black solid line shows the experimentally determined values for the standard deviation of
the residual part. The dashed-dotted curve shows σA

ES(R) given by (37) while the dashed-dotted straight line shows its asymptotic behavior σA
ES(R) |R→∞

(39). σ∗ is represented by the right y-axis, all other values are represented by the left y-axis.

where (3) and (5) were applied. By applying (9) it follows for
a parent y located on the R-sphere that the exponent in (27)
is normally distributed with mean and variance

µA := e−
1
2 (σγ)

2

e−
1
2

(γR)2

N (30)

σ2
A :=

1

2N

(
1− e−(σγ)2

)(
1− e−(σγ)2e−

1
2

(γR)2

N

)
. (31)

Therefore, the residual part of the Ackley function can be
approximated by a log-normally distributed random variable,
i.e.,

CA(y) ≈ e− eN(µA,σ2
A). (32)

For the expected value and the variance of a log-normally
distributed random variable, it holds [2]

E
[
eN(µ,σ2)

]
= eµ+

1
2σ

2

(33)

Var
[
eN(µ,σ2)

]
= e2µ+σ2

(
eσ

2

− 1
)

(34)

and it follows

E [CA] = e− eµA+ 1
2σ

2
A (35)

Var [CA] = e2µA+σ2
A

(
eσ

2
A − 1

)
. (36)

Approximating the log-normal random variable CA(y) by a
normally distributed random variable with variance Var [CA]
it follows

σA
ES(R) =

√
Var [CA(R)] =

√
e2µA+σ2

A
(
eσ

2
A − 1

)
(37)

where µA and σ2
A are given by (30) and (31). Eq. (37) is

represented in Fig. 3 by the black dashed-dotted curve. The
solid line shows the experimental values for comparison. As
expected there are some deviations between the experimental
values and its predictions. These deviations are small for the
CSA-ES and larger for the σSA-ES.

For increasing residual distance R and under steady-state
conditions, the mutation strength σ increases, causing the
terms e−(γσ)2 to vanish. It follows

µA(R) |R→∞= 0, σ2
A(R) |R→∞=

1

2N
(38)

and therefore

σA
ES(R)|R→∞ =

√
e

1
2N

(
e

1
2N − 1

)
=

√
e

1
N − e

1
2N

≃
√
1 +

1

N
− 1− 1

2N

=
1√
2N

. (39)
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where the Taylor approximation ex ≈ 1+ x was used. (39) is
represented in Fig. 3 by the straight dashed-dotted line.

II. THE GLOBAL ATTRACTOR REGION

A. Plots of the Attractor Region

Figure 4 shows the global Attractor regions for N = 2.

B. Attractor Region of the Ackley Function

To determine the nearest stationary points on the coordinate
axes, consider the derivative of the Ackley function, i.e.,

∂F

∂yi
=

C1C2√
N
∑N

j=1 y
2
j

yie
−C2

√
1
N

∑N
j=1 y2

j

+
γ

N
sin (γyi) e

1
N

∑N
j=1 cos(γyj). (40)

Since ∂F/∂yi = 0 for yi = 0 the distance ∆A from the
stationary points on the axis to the origin is the solution of

sgn(y)
C1C2√

N
e
− C2√

N
|y|

+
γ

N
sin (γy) e

1
N cos(γy)+N−1

N = 0.

(41)

It follows for y > 0

e
− C2√

N
y
= − γ

C1C2

√
N

sin (γy) e
1
N cos(γy)+N−1

N . (42)

Due to the symmetry of the Ackley function, the attractor re-
gion is also symmetric and the case y < 0 follows analogously.
∆A is given by the intersection between the two functions

fexp := e
− C2√

N
y (43)

fosc := − γ

C1C2

√
N

sin (γy) e
1
N cos(γy)+N−1

N . (44)

The exponential function fexp is monotonically decreasing,
whereas fosc oscillates and is bounded. This is visualized in
the top plot of Fig. 5. For large N , the fluctuations of the
function e

1
N cos(γy) are minimal compared to the fluctuations

of sin (γy). The maximum value of fosc is approximately
reached at the point where sin (γy) is minimal, i.e., at 3π/2γ,
and therefore

max
y

fosc(y) ≈
γ

C1C2

√
N

e
N−1
N . (45)

The value where fexp intersects this maximum serves as a
lower bound for ∆A, i.e., the y-value with

e
− C2√

N
y
=

γ

C1C2

√
N

e
N−1
N

⇔ − C2√
N

y = ln

(
γ

C1C2

√
N

)
+

N − 1

N
(46)

⇔ y = − ln

(
γ

C1C2

√
N

) √
N

C2
− N − 1

C2

√
N

is a lower bound for ∆A. Because the slope of fexp becomes
flatter with increasing N , the inequality approaches equality
for sufficiently large N . Therefore, the distance from the
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Fig. 4. Global attractor region of the Rastrigin (top), Bohachevsky (middle),
and Ackley (bottom) function with standard parameters for N = 2. Arrows
show the negative gradient flow. The star shows the global optimizer, squares
the nearest stationary points, and circles the farthest stationary points.
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Fig. 5. Top plot: fexp (43) (black line) and fosz (44) (green line) for N =
100. Bottom plot: (47) (black line) compared with numerical solutions of (41)
(green stars).

optimizer to the nearest stationary point on the coordinate axis
is

∆A(N) ≈ − ln

(
γ

C1C2

√
N

) √
N

C2
− N − 1

C2

√
N

. (47)

These points lie farther outside for larger N . (47) is repre-
sented by the black line in the bottom plot of Fig. 5 and is
compared with the numerical solution of (41).

For the stationary points that do not lie on the coordinate
axis, no analytical calculation is possible. The derivative of
the Ackley function in direction i also depends on the other
directions j. There is no general formula that allows for
the determination of stationary points that do not lie on the
coordinate axes.

It is not yet clear whether the attractor region is bounded.
This will be investigated in the following. The Ackley function
can be expressed as a function of the distance to the optimizer
R, i.e.,

FA(R) = C1 − C1e
− C2√

N
R
+ e− e

1
N

∑N
i=1 cos(γ zi

∥z∥R) (48)

where z = z/∥z∥R is represented as a directional vector
multiplied with the distance R. The directional derivatives of
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Fig. 6. Success probability PR
s (51) depending on µ for the Rastrigin

landscape with ϑ = 0.5 (top plot) and ϑ = 0.25 (bottom plot). Solid lines
use σ̂R

ES = A
√

N/2, dashes lines use the maximal value of σR
ES determined

experimentally for the σSA-ES with τ = 1/
√
2N .

the Ackley function are

∂FA

∂R
(R) =

C1C2√
N

e
− C2√

N
R
+

γ

N

N∑
i=1

zi
∥z∥

sin

(
γ

zi
∥z∥

R

)
× e

1
N

∑N
i=1 cos(γ zi

∥z∥R). (49)

Set the directional derivative to zero. It follows

C1C2

γ
e
− C2√

N
R
= − 1√

N

N∑
i=1

zi
∥z∥

sin

(
γ

zi
∥z∥

R

)
× e

1
N

∑N
i=1 cos(γ zi

∥z∥R). (50)

The function on the lhs decreases to zero while the second
expression on the rhs lies between e−1 and e. The first
expression on the rhs is a sum of sine curves ai sin(biR).
This sum is a continuous function with at least one zero,
at R = 0. Therefore the sum contains positive and negative
values. The sum of periodic functions is almost periodic [3].
From the definition of an almost periodic function it follows
that when the function contains positive and negative values,
the function has an infinite number of zeros. Therefore, the
first expression of the rhs has an infinite number of zeros. As
the lhs approaches zero, there are infinitely many stationary
points in each direction.
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Fig. 7. Histogram of parent components yi at distance RB
st = 0.72 (see (36) from the main paper) for the (100/100I , 200)-σSA-ES with τ = 1/

√
8N and

N = 100. Blue lines show the probability density functions of an N
(
0, σst(i)2

)
-distributed random variable with σst(i) from (57).

III. THE SUCCESS PROBABILITY MODEL

A. Influence of Larger σES on Ps for the σSA-ES

The success probability for the Rastrigin function was
determined with

PR
s =

[
2Φ

(√
4µcµ/µ,λ

σ̂R
ES

(∆R + ε)

)
− 1

]N
. (51)

In Section I, it was shown that the standard deviation of the
cosine part for the σSA-ES is slightly larger than predicted
from σES(R), (11). In the derivation of (51) the maximum
value of σES(R) for the CSA-ES was used. For the σSA-ES,
the value of σES(R) can be slightly larger, as shown in Fig.
1. In the bottom left plot, which represents the σSA-ES with
τ = 1/

√
2N , there are small deviations between the black

solid and the black dashed-dotted curve. In the bottom middle
plot, which represents the σSA-ES with τ = 1/

√
8N , there

are also deviations, although they are barely noticeable.
How large the influence of this simplification on (51) is

represents Fig. 6. The values of maxσES(R) were determined
experimentally for the σSA-ES with τ = 1/

√
2N in the

Rastrigin landscape. The differences are visible and increase
slightly with increasing N . However, the differences are small
enough to be neglected in this simple model.

B. Influence of Neglected Anisotropy Aspects of the Bo-
hachevsky Function on PB

s

In the derivation of the success probability equation for the
Bohachevsky function

PB
s =

[
2Φ

(√
12µcµ/µ,λ

σ̂B
ES

(∆B + ε)

)
− 1

]N
, (52)

simplifications were made. The global part of the Bohachevsky
function is an ellipsoid. This fact was neglected in the deriva-
tion of (52). On the one hand, the attractor region was assumed
to be a hypercube, although it is actually a parallelepiped. The

lengths of the edges from the attractor region are (see (40) and
(41) in the main paper)

∆B := ∆
(i)
B =

π (B1β1 +B2β2)

B1β2
1 +B2β2

2 − 6
(53)

∆
(1)
B =

B1β1π

B1β2
1 − 2

(54)

∆
(N)
B =

B2β2π

B2β2
2 − 4

. (55)

In addition, the distribution of the first and last parental com-
ponent differs from the distribution of the other components.
In general, it holds that in the noisy ellipsoid model

F̃ (y) =
N∑
i=1

qiy
2
i + σESN (0, 1), (56)

the variance of the single components under steady-state
conditions is [4]

σst(i)
2 := Var [yi] =

σES

4µcµ/µ,λqi
. (57)

In the Bohachevsky landscape, it holds q1 = 1, qN = 2,
and qi = 3 for i = 2, . . . , N − 1. Therefore, the variances
of the first and last components are larger than the variances
of the remaining components. This is also visualized in Fig.
7, where histograms for single components are shown. The
values of variance and kurtosis given in the respective plot
were determined from the experimental data. In all cases, the
variance measured from the experimental data is consistent
with (57).

In the following, these two effects are taken into account in
the derivation of (52). It follows

PB
s = Pr

[
y ∈ AB

ES

]
= Pr

[(
−∆

(1)
B − ε ≤ y1 ≤ ∆

(1)
B + ε

)
∧ (−∆B − ε ≤ y2 ≤ ∆B + ε)

(N−2)

∧
(
−∆

(N)
B − ε ≤ yN ≤ ∆

(N)
B + ε

)]
. (58)
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Using the fact that the single components are normally
distributed with variance from (57), one gets for a single
component yi

Pr
[
−∆

(i)
B − ε ≤ yi ≤ ∆

(i)
B + ε

]
=Pr

[
−
∆

(i)
B + ε

σst(i)
≤ zi ≤

∆
(i)
B + ε

σst(i)

]

=Φ

(
∆

(i)
B + ε

σst(i)

)
− Φ

(
−
∆

(i)
B + ε

σst(i)

)

=2Φ

(
∆

(i)
B + ε

σst(i)

)
− 1 (59)

where Φ(z) is the cdf of the standard normal variate N (0, 1).
Thus, one gets for the success probability

PB
s =

[
2Φ

(
∆

(1)
B + ε

σst(1)

)
− 1

]
(60)

×
[
2Φ

(
∆B + ε

σst(2)

)
− 1

]N−2

×

[
2Φ

(
∆

(N)
B + ε

σst(N)

)
− 1

]
.

The differences between (52) and (60) are visualized in Fig.
8. The larger values for σst(1) and σst(N) lead to lower
success probabilities, but already for N ≥ 30 the differences
are relatively small.

C. Results for ϑ = 0.25

The following figures show the success probability depend-
ing on µ for a truncation ratio of ϑ = 0.25. For the termination
condition, a σstop between 10−4 and 10−7 was used. An
additional termination condition for the Ackley function is that
the ES must not move too far away from the starting point,
contrary to the optimum. Fig. 9 represents the results for the
Rastrigin function, Fig. 10 for the Bohachevsky function, and
Fig. 11 for the Ackley function, respectively.

D. Additional plots for Ps with ε ̸= 0

In the following figures the success probability equations
(51) and (52) with ε ̸= 0 are compared with experimental
values. Fig. 12 shows the results for the Rastrigin landscape
and Fig. 13 for the Bohachevsky landscape, respectively. The
corresponding ε values are represented in Fig. 14. For the
σSA-ES with τ = 1/

√
2N in the Bohachevsky landscape,

no approximation with ε is possible. In this case the curves
are much flatter than predicted from (52). The ε-value only
shifts the curve to the left or right but has no influence on the
increase.

IV. INITIAL VALUES OF THE ACKLEY FUNCTION

To describe the threshold Rcrit beyond which convergence
becomes unattainable, start with the evolution condition

(σ∗
ES)

2 ≤ 4µ2c2µ/µ,λ − (σ∗)
2 (61)
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Fig. 8. Success probability PB
s depending on µ for the Bohachevsky

landscape with ϑ = 0.5 (top plot) and ϑ = 0.25 (bottom plot). Solid lines
represent (52) and dashed lines (60), respectively.
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Fig. 9. Success PR
s depending on population size µ in the Rastrigin

landscape. Solid lines show PR
s predicted by (51) with ε = 0 and ϑ = 0.25.

Experimental values are displayed by the stars. From top left to bottom right:
CSA-ES with c = 1/

√
N , c = 1/N , σSA-ES with τ = 1/

√
2N and

τ = 1/
√
8N .
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Fig. 10. Success PB
s depending on population size µ in the Bohachevsky

landscape. Solid lines show PB
s predicted by (52) with ε = 0 and ϑ = 0.25.

Experimental values are displayed by the stars. From top left to bottom right:
CSA-ES with c = 1/

√
N , c = 1/N , σSA-ES with τ = 1/

√
2N and

τ = 1/
√
8N .
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Fig. 11. Success PA
s depending on population size µ in the Ackley landscape

with ϑ = 0.25. Experimental values are displayed by the stars. From top
left to bottom right: CSA-ES with c = 1/

√
N , c = 1/N , σSA-ES with

τ = 1/
√
2N and τ = 1/

√
8N .

which necessarily implies σ∗ ≤ 2µcµ/µ,λ. Using the normal-
ization of the noise strength

(
σA
ES

)∗
= σA

ES(R)
N

RG′
A(R)

= σA
ES(R)

N
√
N

RC1C2
e
C2

R√
N (62)

where GA is the global part of the Ackley function, leads to

(
σA
ES

)2 N3

R2C2
1C

2
2

e
2C2

R√
N ≤ 4µ2c2µ/µ,λ − (σ∗)

2
. (63)
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Fig. 12. Success PR
s predicted by (51) with ε values according to Fig. 14 in

the Rastrigin landscape with ϑ = 0.5 (left plots) and ϑ = 0.25 (right plots),
respectively. From top to bottom: CSA-ES with c = 1/

√
N , c = 1/N , σSA-

ES with τ = 1/
√
2N , and τ = 1/

√
8N .

By substituting

R =
x
√
N

2C2
⇔ x =

2RC2√
N

, (64)

and inserting σ̂A
ES = 1√

2N
(39), it follows

2N

x2C2
1

ex ≤ 4µ2c2µ/µ,λ − (σ∗)
2 (65)

⇔ ex ≤ x2
C2

1

(
4µ2c2µ/µ,λ − (σ∗)

2
)

2N

⇔ x ≤ 2ln (x) + ln

C2
1

(
4µ2c2µ/µ,λ − (σ∗)

2
)

2N

 .

Consider equality and use a fixed-point iteration to determine
the solution x. Because x ≫ 2ln (x) for large x use

x(0) = ln

C2
1

(
4µ2c2µ/µ,λ − (σ∗)

2
)

2N

 (66)
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Fig. 13. Success PB
s predicted by (52) with ε values according to Fig. 14

in the Bohachevsky landscape with ϑ = 0.5 (left plots) and ϑ = 0.25 (right
plots), respectively. From top to bottom: CSA-ES with c = 1/

√
N , c = 1/N ,

and σSA-ES with τ = 1/
√
8N .

as start value of the fix-point iteration to determine the second
zero. The subsequent iteration step yields

x(1) = ln

C2
1

(
4µ2c2µ/µ,λ − (σ∗)

2
)

2N


+ 2ln

ln

C2
1

(
4µ2c2µ/µ,λ − (σ∗)

2
)

2N

 . (67)

Higher order approximations are given by

x(k) = ln

C2
1

(
4µ2c2µ/µ,λ − (σ∗)

2
)

2N


+ 2ln

(
x(k−1)

)
. (68)

Using the substitution (64), the distance Rcrit can be numeri-
cally calculated with

Rcrit =
x(k)

√
N

2C2
. (69)

The maximal value σcrit necessary for convergence can be
calculated with (61) and (62). It follows

(σ∗)
2 ≤ 4µ2c2µ/µ,λ −

(
σA
ES

N
√
N

RC1C2
e
C2

R√
N

)2

(70)
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Fig. 14. Optimal ε that minimizes the deviations between (51) and (52) and
the experimental values of Figs. 9 and 10 for the Rastrigin function (top plot)
and Bohachevsky function (bottom plot). Dashed lines represent ϑ = 0.5 and
dashed-dotted lines represent ϑ = 0.25, respectively.

and finally with σ̂A
ES = 1√

2N

σ∗
crit =

√
4µ2c2µ/µ,λ − 1

2

(
N

RC1C2

)2

e
2C2

R√
N . (71)

Equations (69) and (71) are examined in Fig. 15, where
the probability of divergence (Pdiv) depending on the initial
values R(0) and σ(0) is illustrated. The right plot shows
the R-dynamics of CSA-ES runs. The starting values were
selected to cause a significant proportion of the runs to diverge.
In the left plot, the probability of divergence depending on
R(0) is examined. The probability of divergence is smaller
for larger µ, resulting in a larger Rcrit. The probability of
divergence is larger for larger σ∗(0), leading to a smaller Rcrit.
These observations agree with the predictions of (69). For
σ∗(0) = 3, the value of Rcrit falls within the range where
Pdiv lies between 0 and 1. For σ∗(0) = 6 the probability of
divergence is larger and all runs diverge even before reaching
Rcrit indicating the limitations of the model used.

The middle plot shows Pdiv depending on σ∗(0) with verti-
cal dashed lines representing (71). The experimental values
are smaller for larger µ, resulting in a larger σcrit. This
observation agrees with (71). For larger R(0), the experimental
values are considerably larger compared to (71) where σ∗

crit is
nearly constant for small values of R. The differences between
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Fig. 15. Probability that an ES in the Ackley landscape diverges depending on initial distance R(0) (left plot) and initial mutation strength σ(0) (middle
plot). Experimental values were obtained from 300 independent ES runs with N = 100 and ϑ = 0.5 for the CSA-ES with c = 1/

√
N (∗) and the σSA-ES

with τ = 1/
√
2N (×). Vertical dashed lines show (69) (left plot) with k = 8 and (71) (middle plot). Right plot shows the residual distance dynamics for

the CSA-ES with c = 1/
√
N, N = 100, µ = 10 and ϑ = 0.5. Each run was initialized randomly at residual distance of R(0) = 280 and started with a

mutation strength σ(0) = 9. Black bold line shows the mean σ-dynamics of the convergent runs and green bold line of the divergent runs, respectively.

R(0) = 10 and R(0) = 100 of (71) are nearly not visible in the
plot. The predicted values from (71) are significantly smaller
than the theoretical ones for R(0) = 10.

For small µ no solution of (69) and (71) exists. This means
that there are no initial values R(0) and σ(0) that guarantee
convergence. For instance, for N = 500 and µ = 2 no
solutions exist for Rcrit and σcrit. Experiments show that even
for very low start values, almost all runs diverge, such as for
the σSA-ES with τ = 1/

√
8N, R(0) = 100, and σ(0) = 3.

REFERENCES

[1] I. Abramowitz, M. Stegun, Pocketbook of Mathematical Functions. Harri
Deutsch, Thun, 1984.

[2] N. Johnson and S. Kotz, Continuous Univariate Distributions. J. Wiley,
1970.

[3] H. Bohr, “Zur Theorie der Fast Periodischen Funktionen: I. Eine Verall-
gemeinerung der Theorie der Fourierreihen,” Acta Mathematica, vol. 45,
no. 1, pp. 29–127, 1925.

[4] H.-G. Beyer and D. Arnold, “The Steady State Behavior of (µ/µI , λ)-
ES on Ellipsoidal Fitness Models Disturbed by Noise,” in GECCO’03:
Proceedings of the Genetic and Evolutionary Computation Conference,
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