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Abstract

A thorough theoretical analysis of evolution strategies with constraint handling
is important for the understanding of the inner workings of evolution strategies
applied to constrained problems. Simple problems are of interest for the first
analyses. To this end, the behavior of the (1, A)-o-Self-Adaptation Evolution
Strategy applied to a conically constrained problem is analyzed. For handling
infeasible offspring, a repair approach that projects infeasible offspring onto the
boundary of the feasibility region is considered. Closed-form approximations
are derived for the expected changes of an individual’s parameter vector and
mutation strength from one generation to the next. For analyzing the strat-
egy’s behavior over multiple generations, deterministic evolution equations are
derived. It is shown that those evolution equations together with the approx-
imate one-generation expressions allow to approximately predict the evolution
dynamics using closed-form approximations. Those derived approximations are
compared to simulations in order to visualize the approximation quality.

Keywords: Evolution strategies, Repair by projection, Conically constrained
problem

1. Introduction

As constrained optimization is important in many practical applications, the
theoretical understanding of evolution strategies (ESs) with constraint handling
is of interest in current research. In [1], the (1, \)-ES with constraint handling by
resampling is analyzed for a single linear constraint. This is extended in [2] with
the analysis of repair by projection for a single linear constraint. In [3], the repair
approach analyzed in [2] is compared with an approach that reflects infeasible
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points into the feasible region and an approach that truncates infeasible points.
A variant of the (1, )-ES for a conically constrained problem is considered in [4].
There, offspring are discarded until feasible are obtained. In [5], premature
convergence for a (1 + 1)-ES with mutation strength adaptation by a variant of
the 1/5th rule was proven. A (14 1)-ES with augmented Lagrangian constraint
handling is presented in [6]. The one-generation behavior of the proposed ES is
analyzed on the sphere model with one linear inequality constraint.

This algorithm has been extended to a multi-recombinative variant for a
single linear constraint in [7] and multiple linear constraints in [8]. For both
cases, linear convergence behavior was investigated by the use of Markov chains.

The goal of this paper is to extend the analysis for the local progress mea-
sures in [4] with an analysis for a repair approach based on projection. The
repair method is performed by projecting infeasible offspring onto the bound-
ary of the feasible region by minimizing the Euclidean distance to the constraint
boundary. For the mutation strength control, o-Self-Adaptation is considered.
The remainder of the paper is organized as follows. The optimization problem
and the algorithm under consideration are described in Section 2 and Section 3,
respectively. Next, the theoretical results are presented. To this end, the theo-
retical analysis method used is explained in Section 4.1. This is followed by the
investigation of the algorithm’s microscopic aspects (one-generation behavior)
in Section 4.2 and then by the analysis of the algorithm’s macroscopic behavior
(multi-generation behavior, i.e., the evolution dynamics) in Section 4.3. For
both, the microscopic and the macroscopic behavior, closed-form approxima-
tions under asymptotic assumptions are derived. The approximations are com-
pared to simulations. For readability purposes, most of the longer derivations
are provided in the sections of the appendix. Moreover, where appropriate and
interesting, further investigations have been performed. The outcomes of those
investigations and further details for the derivations are provided in the techni-
cal report [9] accompanying this paper. Relevant cross-references are provided

throughout the text.
Notations: Boldface x € RY is a column vector with IV real-valued components.
xT' is its transpose. ) and equivalently (x); denote the k-th element of a

vector X. Xp:) is the order statistic notation, i.e., it denotes the m-th best

(with respect to fitness) of a list of A elements. ||x|| = \/Eszl x? denotes the

Euclidean norm. 0 is the vector with all elements equal to zero. I is the identity
matrix. AN (p,C) denotes the multivariate normal distribution with mean p
and covariance matrix C. N(u,0?) is written for the normal distribution with
mean 4 and variance 02. The symbol ~ means “distributed according to”, >
“much greater than”, ~ “asymptotically equal”, and ~ “approximately equal”.
A superscript x(9) stands for the element in the g-th generation.



2. The Problem

The optimization problem under consideration is

f(x) = z; — min! (1)
subject to constraints
N
1 — fz x>0 (2)
k=2
where x = (21,...,z5)T € RY and ¢ > 0.

Due to symmetry considerations, a point in the search space can be uniquely
described by its distance z from 0 in z; direction (cone axis) and the distance
r from the cone’s axis. In the further analyses, this is called the (x,r)T-space.
It is visualized in Fig. 1. Because the distance from the cone’s axis is positive,
only half of the cone needs to be considered. The cone boundary and the

Zq

projection lines are visualized. The equation for the cone boundary r = Ve

is a direct consequence of the problem definition (Eq. (2)). The equation for
the projection line can be derived by considering a direction vector of the cone

T T
boundary (1, %) and its counterclockwise rotation by 90 degrees (—ﬁ, 1)
Using those direction vectors, at a given value g (as shown in Fig. 1), an equation
for the projection line reads r = —/€x1 + ¢ (\/E + \/Lg) For ¢ = 0, this results

in —/€zx,. Additionally, in Fig. 1, an offspring X with its parent x and the
corresponding mutation vector z scaled by the mutation strength ¢ are shown.
The offspring’s 1 and r values after the projection step are indicated by g and
qr, respectively.

3. The Algorithm

The considered algorithm is a (1, A)-o-Self-Adaptation-ES. The pseudo code
is shown in Alg. 1. After initialization (Lines 1 to 2), the generation loop is
entered. In Lines 6 to 15, A\ offspring are generated. For every offspring, its
mutation strength ; is determined by mutating the parental mutation strength
o9 using a log-normal distribution (Line 7). This mutation strength is then
used to sample the offspring’s parameter vector from a multivariate normal
distribution with mean x(9) and standard deviation &; (Line 8). Then, it is
determined whether repair is necessary. Repair is necessary if the offspring
is infeasible. If the generated offspring is infeasible, its parameter vector is
projected onto the point on the boundary of the feasible region that minimizes
the Euclidean distance to the offspring point (Lines 9 to 11). That is, if the
offspring is not feasible, the optimization problem

N
% = argmin||x’ — x||? such that 2> — 521:2.2 > 0,77 >0 (4)
x! k=2
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Figure 1: The conically constrained optimization problem in N dimensions shown in the
(x,r)T-space.

must be solved. In (4), x is the individual to be projected. For this, a conve-
nience function
% = projectOntoCone(x) (5)

is introduced, returning x of the problem (4). Appendix A presents a geometri-
cal approach for deriving a closed-form solution to the projection optimization
problem (4). The values 2@ r@) g, qris q1;x, and gpq., are only needed in
the theoretical analysis and can be removed in practical applications of the ES.
They are indicated in the algorithm in Lines 4, 5, 13, 14, 19, and 20, respectively.
In Line 12, the offspring’s fitness is determined. After the procreation step, the
next generation’s parental individual x(9*1) (Line 17) and the next generation’s
mutation strength o(9+1) (Line 18) are set to the corresponding values of the
offspring with the smallest objective function value. The update of the gener-
ation counter ends one iteration of the generation loop. The generation loop
is quit if the defined termination criteria are met (for example if a maximum
number of generations is reached, if a sigma threshold is reached, etc.). Fig. 2
shows an example of the z- and r-dynamics generated by running Alg. 1 (solid
line) in comparison with the iteration of the closed-form approximation iterative
system (dotted line) that is derived in the following sections.

4. The Theoretical Analysis

4.1. The Dynamical Systems Approach

For the analysis of the (1, \)-ES (Alg. 1), the (z,7)?-modeling described in
Section 2, is used. The goal is to compute the evolution dynamics of the (1, \)-
ES. For doing this, the dynamical systems approach presented in [10] is used.
This approach models specific state variables of the strategy over time. For the
problem under consideration, there are three random variables that describe the
system (assuming constant exogenous parameters). The x and r values of the



Algorithm 1 Pseudo-code of the (1, A)-o-Self-Adaptation-ES with repair by
projection applied to the conically constrained problem.

1: Initialize x(©, ¢(@ 7 X

2. g+ 0

3: repeat

4 @) = (x(g))1

5: T(g) — Ziv:2(x(g))i

6: for [+ 1 to A do

4 51 0l0) TN O.1)

8: % < x9 + 5N (0,1)

9: if not isFeasible(X;) then > see Algorithm 2
10: x; < projectOntoCone(X;) > see Egs. (4) and (5)
11: end if
12: fl — f(f(l) = (5([)1
13: q = ()N{l)l
14 4 =\ Tl ()

15: end for

16: Sort offspring according to f; in ascending order
17: X(g+1) — )~(1;>\

18: O'(g+1) — 5’1;)\

19: qi:n = (X(ngl))l

200 gripy =\ Dpsa (X2

21: g g+1
22: until termination criteria are met

Algorithm 2 Feasibility check

1: function isFeasible(x)
2: return(z, > 0 Az — X0, 22 > 0)
3: end function

Jb.\' =400,¢ = 1,2 =100, = T\‘fs o =0.0001,A = 20,7 = ﬁ ., N =400,& = 1,2 = 100,70 = ﬁ.ﬂ“” =0.0001,A = 20,7 = ﬁ
100 F j "real Tun —— 100 F " "real Tun —
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Figure 2: Comparison of the z- and r-dynamics of a real ES run (solid line) with the iteration
of the closed-form approximation of the iterative system (dotted line) that is derived in the
following sections.



current parental individual and the current mutation strength . The transition
between consecutive states of the evolution strategy can then be modeled as a
Markov process. Deriving closed-form expressions for the transition equations
(so-called Chapman-Kolmogorov equations, see, e.g. [11]) is often not possible.
Instead, approximate equations for the change of all the state variables are
usually derived. The change of the random state variables is expressed in two
parts. The first part is the expected change and the second part comprises
the stochastic fluctuations. Making use of functions that express the change
(¢x,©r, 1), so-called evolution equations describe the system. They read

29+ — (9 _ goz(:v(g)m(g), 0(9)) + ez(x(-"),r(g),a(g)) (6)
Pt = 29— (209 9) 5(9)) 4 ¢ (29, r(9) 59)) (7)
gl — 5(9) 0(9)¢(x(g)’r(g)7g(g)) + 6U(x(g)770(!1),0(!1)) (8)

and are stochastic difference equations. The expected changes in the parameter
space are expressed as so-called progress rates. They are defined as

0o (29 19 59 .= B[z9) — £V | £(9) (9) 5(9)] (9)

©r (29,19 59} .= B[p@) — 971 | 2(9) (9) (9], (10)

Normalized variants are introduced as ¢%(-) := Nf(’y‘)(') and @X(+) == Nﬁ;)(') . Sim-
No

ilarly, a normalized variant of the mutation strength is introduced as o™ := 7.
Evolution of the mutation strength is performed by multiplication with a log-
normally distributed random variable. Therefore, its relative expected change
is of interest. This yields a slightly different (in comparison to the progress
rates in the parameter space) progress measure for the mutation strength, the

so-called self-adaptation response (SAR). It is defined as

olgtl) _ 5(9)

0'(9)

)

W@, 1) 50— E [

ROO) U(g)} , (1)

The fluctuations are represented as random variables €., €., and €, with nec-
essarily E[e;] = 0, Ele,] = 0, and E[e,] = 0. Fluctuation terms are treated in
detail in [12]. For the analysis in this paper, it is assumed that it is sufficient
to consider the dynamics without fluctuations (i.e., €, =0, ¢, = 0, and ¢, = 0)
in order to approximately model the evolution dynamics of the strategy in the
asymptotic limit case N — oo. Such evolution equations without fluctuation
terms are referred to as deterministic evolution equations (or mean value evo-
lution equations). They are usually less complex to deal with in theoretical
analyses. As it turns out, it is possible to approximately predict the mean value
evolution dynamics of the evolution strategy using these evolution equations.
The next step is to derive expressions for the functions ¢, ¢,, and .

4.2. The Microscopic Aspects

The microscopic aspects deal with the local analysis of the behavior of the
evolution strategy. This means that, given the current parental individual and



the current mutation strength, a step from one generation to the next is consid-
ered. The progress rates express the expected change of the parental individual
in the parameter space. And the expected relative change of the mutation
strength is given as the SAR. Those are derived in the next sections for the
algorithm and the problem under consideration.

4.2.1. Derivation of the x Progress Rate
From the definition of the progress rate (Eq. (9)) and the pseudo-code of the
ES (Alg. 1, Lines 4 and 19) it follows that

0o (9 79 59y = 29 _EgltD) | £9) 9) 5(9)] (12)
— 29 _ Elq1.a |x(9)’r(g)7a(g)]. (13)

This means that the expectation of gi.y, i.e., the z value after (possible) pro-
jection of the best offspring, is needed for the derivation of the progress rate in
x direction

g=o00

Elgi 29,79 69] .= E[g1,,] = / qPq.,»(q) dg (14)
q=0

q=0o0
2 [ apo(@l1 - Po(@)P M da. (15)
q=0
Eq. (14) follows directly from the definition of expectation where

pQI;)\ (q) = pq1;>\ (q ‘ x(g)v T(g)a U(g))

indicates the probability density function of the best (offspring with smallest g
value) offspring’s ¢ value. The random variable @) denotes the random x values
after projection. The step to Eq. (15) follows from the calculation of pq, , (¢).
Because the objective function (Eq. (1)) is defined to return an individual’s x
value, pg, (¢) is the probability density function of the minimal ¢ value among
A values. This calculation is well-known in order statistics (see, e.g., [13]).
A short derivation is presented here for the case under consideration. One
arbitrarily selected mutation out of the total A mutations has probability density
po(q) = polq|z@,r@) o)) for its projected value q. For this particular ¢
value to be the smallest, all other A—1 values must have larger ¢ values. Because
they are statistically independent, this results in the probability [1—Pg(q)]* ! of
all other mutations being larger than q. Pg(q) := Pgo(q|z'9), 79, o(9)) denotes
the cumulative distribution function of the random variable of the ¢ values
Q, i.e., Py(q) = Pr[Q < g]. The density for the mutation considered is thus
po(q)[1—Pg(q)]* L. Since there are A possibilities for best g values, one obtains
Para (4) = Apq(@)[1 — Po(q)]* ™" where Po(q) = PrlQ < q] = [ -7 po(d')dd"
Note that the lower bound is 0 because the ¢ values are defined to be the =
values after projection. Now, to proceed further with Eq. (15), the cumulative
distribution function Pg(gq) and the corresponding probability density function
po(q) need to be derived.



proj. line r = —/€x +11(f f)
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Figure 3: Visualization of the integration for the calculation of Pg(g) = Pr[Q < ¢]. Note that
Pr[@ < q] is the area of the horizontally hatched region.

The Ezact Pg(q) and pg(q) Functions. The cumulative distribution function
Py(g) and its corresponding probability density function pg(q) of projected
values in direction of the cone axis are derived in this section. The approach
followed is to compute Pr[Q < ¢ by integration. By doing this, Pg(q) = Pr[Q <
q] is derived. Then, pg(q) follows by computing the derivative using the fact that
polq) = diqPQ(q). For computing Pr[@Q < ¢], consider the visualization in Fig. 3.
The probability Pr[@ < ¢] expressed in terms of the offspring before projection
is the area of the horizontally hatched region. The area of the horizontally
hatched region can be obtained by integration. To this end, the area of the
doubly hatched region is subtracted from the area of the horizontally hatched
and doubly hatched regions. Formally, this reads

/ / p1.1(z,r)drde
r=
/ / pi;a(z,r)dedr
r=q/VE Jr=—(1/VE)r+(1+1/&)q
/ / pr(x,r)drde
r=

/ / p1.1(z,r)drde.
—VEz+(VE+1/VE)q

The function p1.1(z,r) := p1.1(z, 7| x(9) 1(9) 5(9)) denotes the joint probability
density function of a single descendant before projection. It is derived from
Alg. 1. Lines 7 and 8 outline the way a single descendant before projection
is generated. The ES is at the parental state (z(9), @) oc@)T  First, o9
is mutated. This occurs with the conditional density (log-normal mutation

operator) )
n(o/cl9)
polo|c@) = 1 lexp [_; <1(/)> 1 . (18)

2T O T

(16)

(17)

The ¢ value obtained serves as the mutation strength in mutating z and r.
This occurs with the conditional probability density p,. (z,7 |29, 79 7). The
expression p, . (z,7 | 29,79 7) denotes the joint probability density function of



offspring before projection. The parameter o occurs with conditional probability
po(o|c@)do. The conditional probability density of a single descendant is
derived by integrating over all possible values for o
g=00
pra(z,r| 29, r9 o) = / Par(z,r |29 19 o)y (oo D)de.  (19)
o=0

Insertion of Eq. (19) into Eq. (16) or Eq. (17) results in the exact Pg(g) func-
tion. The resulting expression is difficult to deal with analytically. Numerical
integration and approximation are two possibilities to proceed further. Because
closed-form solutions are arguably preferable, the latter option is followed.

The Approzimation of the Po(q) and pg(q) Functions. In the investigations of
the following sections, 7 is assumed to be small. By the properties of the log-
normal distribution this leads to a small variance of possible mutated o values
o, of the offspring. The &; values therefore tend to the expected value of the
above defined log-normally distributed mutation strengths. This expected value
approaches ¢(9) for small 7. The assumption allows to assume &; ~ ¢(9) which
simplifies the analysis because the ¢ mutation can be ignored. Together with
further assumptions, this makes closed-form results of the theoretical analysis
possible. More formally, this can be shown by an expansion analogously to [10,
Section 7.3.2.4]. Consequently, the following probability density for a single
descendant before projection is used in the further analysis

pm(x, 7 x(g)7T(g)7U(g)) ~ pm,r(x,r ‘ x(g)m(g)’ U(g)) — pm(w)pr(r) (20)

for sufficiently small 7. The last equality in Eq. (20) follows by statistical
independence of the mutation in parameter space. From Line 8 of Alg. 1 the
probability density functions p,(z) and p,(r) follow.

The Offspring Density Before Projection in x Direction. The offspring density
of an offspring in = direction before projection follows directly from the offspring
generation in Alg. 1 (Line 8). As every component of the offspring’s parameter
vector x is independently and identically distributed (i.i.d.) according to a
normal distribution it follows together with the assumption &; ~ ¢(9) that

1 z—z9 1 1 /2 —a@\°
o)~ o (T2 ) = e [—2 (e )|

holds. ¢(x) denotes the probability density function of the standard normal
distribution.

The Offspring Density Before Projection in r Direction and its Normal Approz-
tmation. The offspring density of an offspring in r direction before projection
can be derived from Alg. 1 (Line 8). In Section 2 it has already been explained
that an individual can be uniquely described by its distance x from 0 in di-
rection of the cone axis and the distance r from the cone axis. In addition, a



simplifying assumption can be made due to the problem’s symmetry. Because
the problem’s dimensions 2, ..., N represent an N — 1 dimensional sphere, the
coordinate system can be rotated without loss of generality. For a particular
individual x the coordinate system is rotated such that x; points in direction
of the individual’s z; direction, i.e., x1 points in the direction of the vector
(#1,0,...,0)T and 2 points in the direction of the individual’s other compo-
nents, i.e., 3 points in the direction of the vector (0, Za, ..., Zx)T. This rotation
of the coordinate system allows to conveniently represent an individual. Note
that the length in the direction of 9 is exactly the individual’s distance from the
cone axis. With this observation, it immediately follows that an individual in

T
the (z,7)T-space, <:El, 7= \/Zi\;g i%) ,is (#1,7,0,...,0)T in the rotated co-

ordinate system. The offspring’s distance from the cone’s axis, 7 = \/Z]kvzz i3,

is distributed according to a non-central x distribution ([14]) with N — 1 de-
grees of freedom ((positive) square root of a sum of N — 1 normally i.i.d. vari-
ables). As, under the assumption &; ~ 09, 75 = r(9) + (9 25 ~ N (1), 0(9)2)
and 7, = 0@z, ~ N(O,U(Q)Q) for k € {3,...,N}, it is the (positive) square
root of a sum of squared normally distributed random variables. Therefore,
(r/o9)? ~ X?\PL(T(Q)/U(Q))Q and consequently r ~ 0(9)XN,1’T(9>/U(Q). The ex-
pressions x7 . and Xaf,nc denote the x* and y distributions, respectively, with
df degrees of freedom and non-centrality parameter nc. The cumulative distri-
bution function and the probability density function of this scaled distribution
can be expressed using the corresponding functions of the non-central x distri-
bution. The cumulative distribution function of the non-central y distribution
is denoted by P,,. ... And the corresponding probability density function is
denoted by py,; ... For the cumulative distribution function the scaled version

iy

reads Py, () = Py . (z&5). And for the probability density function

the scaled version reads poey,. (x) = ﬁpxﬁ,m (ﬁ) Hence,

1 r
pr(r) = ﬁpXNfl,r(g)/g(Q) (ﬁ) (22)

follows. In order to get tractable expressions in analysis steps that follow, p,.(r)
is approximated by a normal distribution

o~ Lo(TT 1 1(r—7\" (23)
T ~— - X — = .

pri? Or Or \/%0-7‘ P 2 Or

The detailed derivation of the mean 7 and the standard deviation o, is presented
in Appendix B. Now that expressions for p,(xz) and p,(r) have been derived,

the exact Pp expression can be treated further to arrive at closed-form Py
approximations. Those derivations are described in detail in Appendix C.

The Pg(q) Approzimation. Taking the upper bound from Eq. (C.15) for the case
that the probability of generating feasible offspring tends to 0 and Eq. (C.24) for

10



the other case, this allows for the definition of the approximated Pg(g) function

_ (9
Py (q) = ® (WJ) , for ¢ > /€ (24)

g‘(g)

Fala}= (141/6)g— 29 —7/\E

PQinfeas(q) =0 2
VoW + /g

Taking the derivative with respect to ¢ yields

, otherwise. (25)

2
_ v (=) i
PQfeas (@) = me , for g > T\/g (26)

_a+1/8

innfcas(q) = 2
ol +on/¢

po(q) =
2
« e exp | -1 (1+1/8)q—a9 —7/\/€ (27)
\/ﬂ 2 \/m s

otherwise.

They represent approximations for the cases that the offspring generation step
leads to feasible offspring with high probability and that the offspring generation
step leads to infeasible offspring with high probability, respectively. Because
those are disjoint events in the limit case, they complement each other.

Now, the expected value defined in Eq. (15) can be approximated for both
cases. They are denoted as E[qi;x;,,.] and E[qi;x;,...], respectively. Derivations
for Elqi;xens] and E[qi;n; ... are presented in Appendices D and E, respec-
tively. Consequently, approximate expressions for the progress rate follow with
insertion into Eq. (13) for both cases.

The Approximate x Progress Rate in the case that the probability of feasible
offspring tends to 1. With Eq. (D.5), the asymptotic normalized = progress
rate for the case of feasible offspring reads

N (m(g) — E[qh/\feas]) N (x(y) ) a(g)cly,\)

Prfeas — 29 = ) (28)
N N w7 r9) *
= WU( )CL)\ = ma(g) WCL)\ = WU(Q) Cl,)\* (29)

The coefficient ¢ » has been introduced in [15] as the so-called progress coeffi-
cient. It is also defined in [10, Equation 3.100]. Its definition reads

A f=oo 1,2
= — te” 2" [@()M " dt. 30
= o= [ o) (30)

11



The Approximate x Progress Rate in the case that the probability of feasible
offspring tends to 0. The normalized x progress rate for the second case can be
expressed using Eq. (E.9)

* N (x(g) — E[ql?)‘infeas])
Pzinfeas — ) (31)
N [1+¢
= m <1 +§ (9) E[Ql;)\infeas]) (32)
N [z 4+ ¢zl —¢zl0)  (JEF ¢ \/27
@ - @2 4 52 _
x(g)[ 1+¢ 1+£+1+§< o +UT/€)01})\:|
(33)

This can further be simplified using o, of the normal approximation (Eq. (B.6))
together with o-normalization yielding

. vﬁﬂm 0@” L]
Pzinfeas — 1 _|_€ (g) T - N
. 5 — (34)
r@ ot 100 14 et (1 - ) ]
— z - C1,2
@\ NZo & ON? 1+¢%jﬂ*%4
N (9) olo)*?
~ e 1
e | Vam\ Ty
(35)

0(9) *2

r@ g@F 11+
—l—f@T 1+ flﬁ C1,\

From Eq. (34) to Eq. (35), % has been neglected compared to 1 as N — oco. It
can be rewritten further yielding

. N \/g/r(g) O'(g)*2
Prinfeas — 1- 1+
11¢ 2@ N
(36)
\/g \/gr(g) (g)* 1 1 1 + 0'(9)
1+¢& 2@ A PV R €14 g<q>*2 :

The Approzimate x Progress Rate - Combination Using the Best Offspring’s
Feasibility Probability. In order to get an approximate combined value ¢}, the
expected values of both cases are weighted by their probability of occurrence.
Those weighted values are then added yielding

90; ~ Pfeas(x(g)7 r(g), 0'(9))()093;;&8 + [1 - Pfeas(x(g)7 r(g)7 O(g))]wwrnfeas' (37)
The simplified version is applicable if the probability of generating feasible off-

spring tends to 1 in the asymptotic case. In the opposite case, the result derived

12
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Figure 4: Comparison of the = progress rate approximation with simulations.

from the Pg(q) upper bound is used. For the approximated combined value,
Pfeas(x(g),r(g),o(g)) is considered to denote the probability that the best off-
spring after projection has been feasible before projection. A derivation for
an approximation of Ppeas(2(9),7(9) 5(9)) is shown in Appendix F. Insertion of
Egs. (29) and (36) into Eq. (37) finally results in the approximate normalized x
progress rate

(9) *
o~ Pfeas(x<9>7r<9),a(g))%a@ Cia
*2
N \/gr(g) o'(g)
_ (9) ,(9) 5(9) -
+ (1 Pfeas($ y 70,0 )) 1 _|_£ 2(9) 1+ N
0 11+ 79
T *
1\@\/5@ N R
TN
(38)

Fig. 4 shows two example plots comparing the derived closed-form approxima-
tion for ¢ with one-generation experiments and numerical integration results.
For more detailed plots it is referred to [9, Fig. 3.5, pp. 50-52]. The solid
line has been generated by one-generation experiments. The crosses have been
computed by numerical integration (using the normal approximation for r). For
this computation, Eqgs. (13) and (15) have been numerically computed and sub-
sequently normalized using Eqs. (17), (20), (21), and (23). The pluses have
been calculated by evaluating Eq. (38) with Eq. (F.6). The vertical black line
indicates the value of the normalized mutation strength in the steady state for
the given parameters. It has been calculated using Eq. (73) (see Section 4.3.2
for steady state investigations). As one can see, the approximation quality of
@k in the vicinity of the steady state is rather good. Therefore, it can be used
to investigate the dynamical behavior of the ES in the vicinity of the steady
state.
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4.2.2. Derivation of the r Progress Rate

From the definition of the progress rate (Eq. (10)) and the pseudo-code of
the ES (Alg. 1, Lines 5 and 20) it follows that

SDT(CU(Q), r(g)7 U(g)) — o) _ E[r(g+1) |x(9)7 r(g), U(g)] (39)
=@ _ Elgr1. | 29 r9) (9], (40)

This means that the expectation of the r value after projection of the best
offspring is needed for the derivation of the progress rate in r direction

E[qTI;)\ | x(g)7 7,.(9)’ U(g)] = E[qu;)\]'

Its derivation is presented in Appendix G. Similar to Section 4.2.1 for the x
progress rate, the normalized r progress rate can now be formulated. Using the

derived approximate relation E[g,;.,] ~ %E[qm\] (Eq. (G.15)) it reads

(T(g) o E[qrh/\infeas]) ~N (T(g) B %E[qh)\infeas])
r(9) = r(9) '

@T;knfeas =N (41)

Using Eq. (E.9), Eq. (41) can further be rewritten using o, ~ o9 and 7 ~

r@y /1 + "(QT)*Z from Eq. (B.6) for N — oo to get from Eq. (43) to Eq. (44)
resulting in

@Tfnfeas
=N (1 - \/51“(9) Lig (ac(g) + f/\/E) - 15? (\/U(g)z + 03/5) Cl,/\:|)
(42)
VE -m(g) F o@)? o2 /¢
=My e TrevE ) CLA (43)

[ 1+ 0@
~N|1 vE |z L+l /N (a(g) m> cia| |- (44)

G RN

7'(9)

The progress coefficient ¢1 ) (see Eq. (30)) has been used.

The Approzimate r Progress Rate in the case that the probability of feasible off-
spring tends to 1. If the offspring is feasible almost surely in the asymptotic
N — oo case, Eq. (G.6) can be simplified further. The complete probability
mass lies inside the cone. Consequently, the second summand vanishes. Addi-
tionally, the integral in the first summand yields the expected r value 7 because
the bounds indicate the integration over the whole feasible region for the given
area dg. In the feasible case, I(q) therefore reads It.as(q) = p.(q)7. By insertion
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of Iteas(q) as I(q) into Eq. (G.4), use of Py, from Eq. (24), and use of p,(z)
from Eq. (21) one obtains

A—1

2
e (Y g aw _
E[qu;)\feas] ~ r)\\/q_o me 1-® W dq =7T.

=1

(45)

Similar to Section 4.2.1 for the x progress rate, the normalized r progress rate
can now be formulated. It reads

(r(g) —r@,/1+ a(j\;z>

(9~ Blinal) (0 —7)
~N
r(g)

'r(g) - 7’(9)

~

* —
Prieas — N

(46)

(9)*? No@*?
7 ~N-N-="7 . (47)

=N|1-14/1
+N 2N 2

In Eq. (47), Taylor expansion of the square root and cutoff after the linear term
(with subsequent distribution of N over the terms in the parentheses) have been
performed.

The Approximate r Progress Rate - Combination Using the Best Offspring’s
Feasibility Probability. Analogously to Eq. (37), both cases are combined into

4,0:: ~ Pfeas(x(g)a T(g)’ U(g))@T;eas +[1 - Pfeas(x(g)7 r(g)’ O'(g))](priknfeas' (48)

Insertion of Eqgs. (44) and (47) into Eq. (48) finally results in the approximate
normalized r progress rate

o~ (1 — pfeas(z@)’?ﬂ(g),a(g)))

@ \/1+0@**/N
xN{l— Ve z Vitow /N

T+9 |\7@ " &

o9
— <’r(g) 1+1/£> Cl’)\:|
o9

*Pfcas(lﬂ(g) r(9) 0(9))7
) ’ 2 .

(49)

)*2

Fig. 5 shows two example plots comparing the derived closed-form approxima-
tion for ¢} with one-generation experiments and numerical integration results.
For more detailed plots it is referred to [9, Fig. 3.6, pp. 59-61]. The solid line
has been generated by one-generation experiments. The crosses have been com-
puted by numerical integration (using the normal approximation for r). For
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Figure 5: Comparison of the r progress rate approximation with simulations.

this computation, Term (40) and Eq. (G.2) have been numerically computed
and subsequently normalized using Egs. (17), (20), (21), and (23). The pluses
have been calculated by evaluating Eq. (48) with Eqgs. (41), (47), and (F.6). The
vertical black line indicates the value of the normalized mutation strength in
the steady state for the given parameters. It has been calculated using Eq. (73)
(see Section 4.3.2 for steady state investigations).

4.2.8. Derivation of the SAR
From the definition of the SAR (Eq. (11)) and the pseudo-code of the ES
(Alg. 1, Line 18) it follows that

+1
Pz 19 ;@) Z ["(g )(g—) s x<g>’r<g>7a<g>] (50)
g
_E {51 A ;])U(g) qu(g)’r(g)ﬂj(g)] (51)
g

=0 /5 _ 5@

where ps,, (0) = ps,., (0| 29,79, 5(9) denotes the probability density func-
tion of the best offspring’s mutation strength. Note that 01;x is not obtained
by direct selection. It is the o value of the individual with the best objective
function value that is selected among the A offspring. This probability density
function can be derived with a similar argument from the area of order statistics
as in Section 4.2.1 for the best ¢ value. It reads

g=00

Doy (0) = Dol | 9N / po(q|z@,r@ o)1 - Po(q)* 'dg  (53)

q=0
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where p, (o |c(9) denotes the log-normal probability density function. This
result can now be inserted into Eq. (52) resulting in

B9, 1O o)) = /UZOo <UU(‘(’)> po(o|0@)

(9)
o=0 7 (54)

q=00

<A polal o9, 0)[1 - Po(@) ! dado
q=0

Due to difficulties in analytically solving Eq. (54), an approximate solution is

derived. To this end, the approach used in [10, Section 7.3.2.4] is followed. For

this, Eq. (54) is written as

g=00

Pz, 1) 5@ = / F(0)po (o |0@) do (55)

=0

[ ey [ (M)

o — o9 g=00
f(o) = () 3 [ polala . r 900 - Po@P M de. 67

0'(9) -0

Now, 7 is assumed to be small. Therefore, Eq. (56) can be expanded into a
Taylor series at 7 = 0. Further, as 7 is small, the probability mass of the log-
normally distributed values is concentrated around o(9). Therefore, f (o) can
be expanded into a Taylor series at 0 = ¢(9). After further calculation (it is
referred to [10, Section 7.3.2.4] for all the details) one obtains

2 2 2
W@, 1) @) = (@) 4 %0@% %0@2% L oW,
o=0c(9) o=0(9)
(58)
' (9)y of 2%f
To proceed further, the expressions f(c'9), 5L o’ and 55 need to

be evaluated for the feasible and the infeasible cases. These calculations are
described in more detail in Appendix H.

The Approximate SAR in the case that the probability of feasible offspring tends
to 0. The approximate SAR expression can be expressed for the infeasible case
by insertion of Eqgs. (H.2), (H.4), and (H.16) into Eq. (58). It yields

2 2 9 ) @ON
¢infeas ~0+ - + LU(g)2 2 <d§2;\ - ) - 2 Z C1,A
2 2 o'(g) ’ O'(g) 1 + %\/gr(g)
(59)
(9)
9 (2) 1 C17)\O'

— d Z) = 60
’ K o 2) VIFE o




where the definition of the higher-order progress coefficients [10, Equation 4.41]

t=00
(k) _ A / k,—1 A—1
dy’y = the 2" [O(t dt 61
1,2 om i [ ()} ( )

and the definition of ¢; y from Eq. (30) have been used.

The Approximate SAR in the case that the probability of feasible offspring tends
to 1. The approximate SAR expression can be expressed for the feasible case
by insertion of Eqs. (H.2), (H.4), and (H.21) into Eq. (58). It yields

2 2

T T 2 2 1
Vteas & 0+ 5 + 0@ 7 (df; - 1) =72 (df) - 2) . (62)

The Approximate SAR - Combination Using the Best Offspring’s Feasibility
Probability. Similarly to Eq. (37), both cases are combined into

'l/} ~ Pfeas (x(g)7 T(g)v J(g))wfeas + [1 - Pfeas(x(g)v r(g)a o(g))]winfea& (63)

Insertion of Egs. (60) and (62) into Eq. (63) finally results in the approximate
SAR

1 61,,\0’(9)*

o 2 2 _ 2\ _(1_ (2@ @) F@y) LA
YT [(dm\ 2) (1 Preas(2'9, 79 o )) e

Fig. 6 shows two example plots comparing the derived closed-form approxima-
tion for 1 to one-generation experiments and numerical integration results. For
more detailed plots it is referred to [9, Fig. 3.7, pp. 70-72]. The solid line has
been generated by one-generation experiments. The crosses have been computed
by numerical integration (using the normal approximation for r). For this com-
putation, Eq. (52) has been numerically computed using Egs. (17), (18), (20),
(21), and (23). The pluses have been calculated by evaluating Eq. (64) with
Eq. (F.6). The vertical black line indicates the value of the normalized muta-
tion strength in the steady state for the given parameters. It has been calculated
using Eq. (73) (see Section 4.3.2 for steady state investigations). Again, the ap-
proximation quality in the vicinity of the steady state is acceptable. However,
due to the linear approximation used, ¥ must necessarily deviate for sufficiently
large o*.

(64)

4.8. The Evolution Dynamics in the Deterministic Approximation

4.8.1. The Fvolution Equations

As already explained in Section 4.1, the evolution equations (Egs. (6) to (8))
are difficult to treat analytically. Therefore, approximations are usually used.
One such approximation is to ignore the stochastic fluctuations and only use
the mean terms, i.e., using Eqs. (6) to (8) with ¢, = 0, ¢, = 0, and ¢, = 0.
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Figure 6: Comparison of the SAR approximation with simulations.

Expressing the x and r evolution equations using the respective normalized
variants, the deterministic evolution equations read

(9) (D (9)*
(g+1) _ (g) _ T 7Pz (9 [q1_ P2
x z N x (1 ~ (65)
(9)* (9)*
platl) — p(9) _ M — @ (1 _ 90;\{) (66)
oD = 59 4 5@ y@) = 5(9) (1 n w@) , (67)

Egs. (65) to (67) represent the so-called mean value iterative system. It can
be iterated starting with initial (9, r(® and ¢(©) values to predict the actual
values of real ES runs. Fig. 7 shows the mean value dynamics of the (1, A\)-ES
applied to the conically constrained problem for N = 40. For more detailed plots
it is referred to [9, Fig. 3.8, pp. 74-85]. The plots show that the approximation
deviates from the real dynamics for small N (e.g., N = 40). The deviations
from the real runs get smaller with larger N (e.g., N = 400).

4.3.2. The ES in the Stationary State

For constant exogenous parameters the state of the (1, A)-ES on the con-
ically constrained problem is completely described by (a:(g),r(g),a(g))T. The
stationary state (also called steady state) is the state obtained for sufficiently
large g, i.e., for large time scales. A correct working ES is expected to steadily
move towards the optimizer. Consequently, for sufficiently large g, the normal-
ized mutation strength is expected to be constant. In other words, the steady
state normalized mutation strength o}, is expected to be constant. More for-
mally this reads o}, = limg_, o(@" . This means that for sufficiently large
g, o@* = gletD)* = ok, should hold. In order to proceed further, Eq. (67)

(9+1) ;(g+1)* (9) 5(9)*
. . . Fla+D) #(9) 5 ..
is expressed in normalized terms X === (1 + ¢(9)). Requiring

that 0@" = ¢(0+D” one obtains further r¥+1) = (9 (14 (). Insertion of
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Figure 7: Mean value dynamics closed-form approximation and real-run comparison of the
(1, A\)-ES with repair by projection applied to the conically constrained problem (N = 40).

Eq. (66) results in

(9*
@ (1_f ) _ (9)
r@ (1- 2 r (1+¢ ) (68)
(9*
r @
N P (69)

For the infeasible case in the vicinity of the cone boundary, i.e., if Pras =~ 0
and % =~ 1, one obtains using the derived approximate relation E[qu; NE

%E[(h;)\} (Eq. (G.15)) and Eq. (31)

1 1 1
pi=N (1 - r(g)E[(hl;)\]) ~N (1 - 7d(g)\/gE[qm]) (70)

G (R o

2(9)

Considering this case further (Pi,s ~ 0 and T N 1), use of Eq. (36) and
Eq. (64) together with Eq. (69) and Eq. (71) results after simplification for the
asymptotic case N — oo in

1- \/m (9)* 1 ()"
N o C1,\ _ _7_2 (de; . ) _’_TQCI’L. (72)

14+¢ +N\/1+£




This leads to a quadratic equation. Solving it is not particularly difficult but
long (use of a computer algebra system (CAS) can be advantageous). Hence,
only the solution is given

VI T E(L = N72)(1+ (d3) - 1)1 +€)7?)

1
— 2 (1- N72)2

~
Ogs ~

VA+O@,(1 - Nr22 4 Nr2(d3 - D2 + (@2 - D1 +6)72)

1 HEe2 (1 N72)2

+

(73)

Since o* > 0 does hold, only the positive root has been chosen.
Aiming for a simpler form, assuming further N > o®? allows simplifying
Eq. (36) (using Taylor expansion and cutoff after the linear term for the first

(9)*2

square root and assuming % ~ 1) to
R
*2
N O'(g) \/E * 1
e —— 11— 9) 14 - 74
v 1+§< 2N>+1+£0 A tte (74)

*2 * * 2
A (o) o(9) o(9) 1 o(9)
— > o\9) — — = =C\N | —V—= ] 5| —T— . (75)
T+¢ 2(1+4¢) VItE) 2\ /(1+¢)
Inserting this into the derived steady state condition Eq. (69) yields using
Egs. (64) and (75)

Pz =—Nyp (76)
2
U:S _ l U;ks — _ 2 (2) _ 1 _ CL)\U:S
c1a ( %1_'_5) 5 ((1+§)> Nt [(dl, 2) /71_’_5] (77)

L TG _ - N7 (4 - 5) VT

*
C1,\Og45 — 50 - =

288 1+€

(78)
+ NTQCL/\O'ZS

1
+ 05, (NT?ci \ —c10) = NT2 (dfg\ — ) V14E. (79)

* 2 1
s 2

ERVAERS)

Solving this quadratic equation results in

1
-0
2

VI+E (80)

Oss" A [Cu\(l - N7%)+ \/C%,,\(l — N72)2 4 N72 (2d§2; - 1)

Here, only the positive root has been chosen since ¢* > 0 does hold. This is a
remarkable result. One recognizes the equations for the sphere model (see [10,
Page 301, Equation 7.171]), i.e., 0%, = V1 + &0 Additionally, insertion

sssphere”
of o}, into ¢} yields ¢} Therefore, in the steady state, the

J— *
= Pss sphere”
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Figure 8: Steady state closed-form approximation and real-run comparison of the (1, \)-ES
with repair by projection applied to the conically constrained problem.

(1, A)-ES with repair by projection applied to the conically constrained problem
approaches the optimizer with the same rate as if a sphere were to be optimized
irrespectively of the value of £&. That is, due to the definition of ¢* one observes

() and ¥ dynamics proportional to exp (—%*g) in the steady state. This

implies linear convergence order with a convergence rate of %*. This result can
be interpreted in the sense that the optimal repair has transformed the conical
constraint into a sphere model.

Fig. 8 shows plots of the steady state computations. The derived closed-
form approximation has been compared to real ES runs. For N = 40, the
approximation for o}, is good for small values of £&. For higher values of &, the
deviations of the approximation from the real runs increase. For N = 400, the
approximation for o}, comes close to the results of the real runs for the values
of £ under consideration. More plots can be found in [9, Fig. 3.9, pp. 89-90].

5. Conclusion

An optimization problem with a conically shaped feasibility region has been
presented. A (1, A)-ES that can be applied to the presented problem has then
been described. Whereas prior work dealt with resampling, the repair approach
in this work is based on projection, i.e., the minimal repair principle has been ap-
plied. The derivation of closed-form approximations has been shown. First, ap-
proximations for the one-generation behavior of the algorithm have been shown.
Second, those approximate expressions have been used in derived deterministic
evolution equations. As a result, closed-form approximations have been derived
for predicting the evolution dynamics of the ES. Plots comparing the derived
approximations to simulations have been presented to show the quality of the
approximations.

As a remarkable result it is to be mentioned that the optimal repair by
projection results in a linear convergence order of the evolution process. That
is, the conically constrained linear optimization problem has been turned into
a spherical unconstrained problem.
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Figure 9: 2D-plane spanned by an offspring x and the z1 coordinate axis. Vectors introduced
for expressing the projection onto the feasible region of Fig. 1 are visualized. The vectors eq,
ex, e, and ez are unit vectors of the corresponding vectors. The dashed line indicates the
orthogonal projection of X onto the cone boundary.

Analysis of a multi-recombinative ES applied to the presented problem is a
topic for future work. Moreover, it is of interest to analyze cumulative step size
adaptation as the mutation strength control.

Appendix

The sections in this appendix present detailed derivations. They are refer-
enced at the appropriate places in the main text.

A. Derivation of Closed-Form Expressions for the Projection

In this section, a geometrical approach for the projection of points that are
outside of the feasible region onto the cone boundary is described. Fig. 9 shows
a visualization of the 2D-plane spanned by an offspring x and the x; coordinate
axis. The equation for the cone boundary is a direct consequence of the problem
definition (Eq. (2)). The projected vector is indicated by xr;. The unit vectors
e, ex, eg, and eg are introduced. They are unit vectors in the direction of the z;
axis, X vector, ¥ = (0,%2,...,Zn)T vector, and the cone boundary, respectively.
The projection line is indicated by the dashed line. It indicates the shortest
Euclidean distance from x to the cone boundary. The goal is to compute the
parameter vector after projection xy;. By inspecting Fig. 9 one can see that the
projected vector xyy can be expressed as

X — (elx)e: ifelx > 0 (A1)
0 otherwise.

From Eq. (2), the equation of the cone boundary \/LE follows. Using this, the
vector ez can be expressed as a linear combination of the vectors e; and ej.
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After normalization (such that ||es|| = 1) this writes

e + —J=ex
€z — 7\/51 . (A2)
A1+ £
The unit vectors e; = (1,0,...,0)” and ex = ﬁ are known. The vector ez is

a unit vector in direction of x in the dimensions 2 to NV, i.e.,

er = (0, (X)2,--.. X)w)"/IIFIl. (A.3)
Inserting Eq. (A.3) into Eq. (A.2) results in

( \(fl)l T f|| |> /\/: (A-4)

Using Eq. (A.4) it follows that

(600 + ) [y
_( flll)/F (A.5)
:(’21+||¢§|)/\/E= (rvE+ Il /vE+T.

Use of Egs. (A.1), (A.4), and (A.5) yields for the case elx >0

X = (egi)eé
L (@GR [ ®: @\ (A8
R (< NG ><1 VEIIfII""’JEHﬂ) |

The first vector component of xy; writes

ey b gy BB AR (o
q = (Xm)1 1+2<()1+ VeI ) ng1(()1+

|

The k-th vector component of xr7 for k € {2,..., N} writes

_ & IEY - &)k S (X)1 1 %
Gene = g5 (( )i+ f> VTR (x/E‘IfII +€>( Yoo (AS)

And the projected distance from the cone axis ||rp|| writes

- - N - N ¢ (%)1 1 ? -
qr|rH||\lkZ_:2(XH)%JZ<£+1 <¢€||f|| *f» i (A.9)

= (eir (e o))

24




Note that in terms of the (x,7)7 representation, the offspring % can be expressed
as (el'x,elx)” = ((x)1,]|7||)T. This is exactly what is expected. The first
component is the value in direction of the cone axis. The second component is
the distance from the cone axis.

B. Derivation of the Normal Approximation for the Offspring Density
in r Direction

From the offspring generation (Lines 7 and 8) it follows that the distance
from the cone’s axis of the offspring is

N
F= |1 42001z + 60?22 + 59)° Z 2. (B.1)
k=3

Now, 20(@)7(9) 2, 4 0(9)223 and o)’ ij:g 2} are replaced with normally dis-
tributed expressions with mean values and standard deviations of the corre-
sponding expressions. With the moments of the i.i.d. variables according to a
standard normal distribution zj, E[z;] = 0, and E[27] = 1, the expected values

E [QJ@T@ZQ + a%g} = 0? and E [0@2 >N z,g] = 5@ (N — 2) follow.

The variances are computed as
2
Var [20(9)7“(9)22 + 0 zg]

_ B {(20<g>r<g>22 n g<9>223)2} _E [QU(mT(g)ZQ n U(gﬂzg} 2

(B.2)
—E {40(5’)27"(9)223 + 40(9)3r(9)z§ + 0(9)42421] _ s
— 4591 @? 1 3,0 _ @ 450207 | 9n@*
and
o il i
Var |o(9) Zz?] =o@ ZVar [27] = ol9) ZE [{] —E [23]2
i=3 i=3 i=3 (B.3)

N
= 0@ 3 2= 200 (W - 2)
1=3

where the moments of the i.i.d. variables according to a standard normal dis-

tribution z; E[22] = 1, E[z}] = 0, and E[z}] = 3 were used.

With these results, the normal approximation follows as

Q

T

\/7,@2 + N (09?, 40@%r9)? 4 200*) 4 N (0@*(N — 2),200* (N — 2))
\/r<g>2 + o902

(N = 1) + 40@?@)? + 206 (¥ — A0, 1).
(B.4)
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o(9)

Substitution of the normalized quantity @) = N vields after simplification

(9)*2 1 90" 1+ 2o (1 - &

N N 1+0(J)2(1 %)

(B.5)

1+0(0) *2 (177)

()2
B (- 3)
o0), a further asymptotically smlphﬁed expression can be obtained by Taylor
expansion of the square root at 0 and cutoff after the linear term

2 (D

As the expression =75 N(0,1) = 0 with N — oo (¢@" <

(g)*Z 1 J(g)* 1+o(9)* (1 L)
@142 1- (9) N
rEr \/+ N ( NN e (1o 1>N(0’1)'
(B.6)

Consequently, the mean of the asymptotic normal approximation of 7 is 7 and
its standard deviation is o,

i~ o (77) - rofxpl 1(0)] o

C. Derivation of a Py(q) Approximation

In the following, asymptotic lower and upper bounds for Pg(g) are derived.
Use of the approximations in Egs. (20), (21), and (23), and subsequent insertion
into Eq. (16) yield

Pq(q) = /w o pa(2) / o pr(r)dr dz
=0

=—00 =0

=1 (C.1)

A s
r=q/VE | Ja=—(1/VE)r+(1+1/&)q
= 1 1 /2 — 2@\
T [‘2 <0<g)> ] du
r=oo z=q
/T—q/\/f {/CC——(l/\/E)T+(1+1/§)q
1 1 /2 — 2@\
mexp [—2( @) ) ] dx}
x L exp [—1 (T — )2] dr.
V2ro, 2\ or
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Expressing the integrals where possible using the cumulative distribution func-
tion of the standard normal distribution ®(-), Eq. (C.2) can be turned into

Polg) ~ @ (q‘“”””)

o(9)
r=00 o1 29 o —(1/VEr+ (1 +1/&€)q — 29
_/T_QNg o)) o(9)
1 L=\l 4
X NG exp | —5 < p ) 7.
(C.3)
Eq. (C.3) can further be simplified to yield
_ 29 —F
Polg) ~ @ (q 0-(?) ) o (Q/\ﬁ T)
= (VB (14 1/€)g - a9
+/7“—q/\/fq)( o ) (C.4)

1
X ——— ex
V2rmo, P

)
1 /r—r7
- — dr.
() ]

_ 2
Because ®(-) and ¢ (T*T) = \/%U exp [—é (U;) } are non-negative func-

o

tions and the second summand is non-negative, Eq. (C.4) can be lower bounded

P > @ (" o (LT, (C5)

0'(9) oy

To arrive at an upper bound, the integration order in the subtrahend of
Eq. (16) can be reversed yielding Eq. (17). Analogously to the derivation of
the lower bound, Egs. (20), (21), (23), and (C.2), and insertion into Eq. (17)
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(different order of integration in the subtrahend) yield

Pq(q) = /w o pa(2) / T:OO pr(r)dr dz

=—00 =0

=1 (C.6)

T=q r=o0
—/ Do () [/ (1) dr] dz
T=—00 r=—+v/€x+(VE+1/v/€)q
[ 1 1 [z — 2@\ d
- =00 V2ro(9) xp 2 o(9) *
[ fa—a@y
T——00 2ro(9) P 2 ol9)

x /T:OO L 1(7"7)2 dr b d
——exp | —= r x.
r=—VEa+(VE+1/VE)q V20, 2\ or
(C.7)

Expressing the integrals where possible using the cumulative distribution func-
tion of the standard normal distribution ®(-), Eq. (C.7) can be turned into

— 2@ — 2@
~p (1P (1T

| H (T)Q] ()
< ® (—\/EH (VE+1/vE)q - ) .

Or

Eq. (C.8) can be upper bounded yielding

= 1 1 /2 — 2@\
Pol(q) < - _i(fr=r
@(q) < /x}m Tangl P [ 2 ( o) ) ]

D (—\/EH (\/E+1/\/E)q—r) dz

oy

(C.9)

_ o[ U YOa - —r/VE) (C.10)

0@* + 02/

The bound is justified because the expression inside the integral is non-negative.
Therefore, an increase in the upper bound of the integral results in an increase
of the result of evaluating the integral. While the integral in Eq. (C.8) has an
upper bound of ¢ and a closed form solution is not apparent, the integral in
Eq. (C.9) has an upper bound of co and can be solved analytically. To this end,
the identity

/_O; e 3 B(at +b) = V2rd (ﬂiia?) , (C.11)
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which has been derived and proven in [10, Equation A.10], is used. The substi-
tution t := 2=2'” that implies dz = ¢(9) dt yields for Eq. (C.9)

o(9)

[ w55
(%fﬂwuﬂ+U@mﬂ>M:[“”l G (C.12)

e
oy ——0o V2T

o <\/E(o<9>t +29) + (VE+1/vEq— f) .

Or

In this form, Eq. (C.11) can directly be used for Eq. (C.12) with

_ VW (Ve Ve -7

b (C.13)
or
and @
— g
oo VT (C.14)
o

Insertion of Eq. (C.13) and Eq. (C.14) into Eq. (C.11) results, after simplifi-
cation, in Eq. (C.10). Consequently, Pg(¢q) can be bounded in the asymptotic
case considered, as

@@—wv@cw@w)g%@§¢<u4m«w@—Wﬁ

(9)
7 o 0@? +o2/¢
(C.15)

C.1. The Derived Pg(q) Upper Bound as an Approzimation for Pg(q)

The goal is to find a good approximation for Pg(g) for the asymptotic cases.
As it turns out, the upper bound (Eq. (C.10)) is a good approximation for large
. Tt is referred to [9, Section 3.1.2.1.2.3, pp. 33-34] for an error analysis.

C.2. The Pg(q) Approzimation in the case that the probability of feasible off-
spring tends to 1

By taking a close look at the integral in Eq. (C.8), one can see that the
expression can be further simplified under certain conditions. Normalization of
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o, and multiplication of the argument to ®(-) by i?\/fg in Eq. (C.8) results in

r=a 1 [ 12— 2@\
Polg) ~ /z:ﬂ)o V2ro(9) Py ( o(9) >
—v+ (1+1/8)q—7/VE
¥ ( orr @/ (NVE) ) o

v=q 1 [ 12— 2@\7]
7/30:700W6Xp T2 (0(9)>

D (N VEHrO 04 1O/ —r/(r(g)@> e

(C.16)

0-7"
(C.17)
Assuming N+/€ — oo, one observes that

s + 0+ Vit~ 5

o (N\/E ) sl rOVE ) (C.18)
0—7’
1 q T T
1 _

= 1< (1+§) —\/%. (C.20)

Making use of z < ¢ that follows from the bounds of the integration, this can
further be rewritten to
1 7 1 7 /€
x < 1+)q— — ¢ < (1+>q— — —<1. (C.21)
( § Ve § Ve q

The resulting condition (Eq. (C.21)) means that the simplification can be used
if the probability of generating feasible offspring is high. This can be seen in the
following way. The probability for a particular value g to be feasible is given by

e [ver <] = | T e~ e (LE0) — o (WILEST).

7=0 orr)
(C.22)
It is the integration from the cone axis up to the cone boundary at the given
value q. For N — oo, it follows that

o NLS(_f Ml e WVEST g TVE (C.23)
o';'fr 9) o';'jfr(g) q

Under this condition, Eq. (C.16) can be simplified in the asymptotic case N —
oo to

— 7@
Po(q) = @ <q a(j) ) for ¢ > /€. (C.24)
with )
d R § )
po(q) = d—PQ(q) ~ e ( o ) for ¢ > 7/¢. (C.25)
q 2mo
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D. Derivation of an E[q1;x,,.] Approximation

Insertion of Egs. (24) and (26) into Eq. (15) yields for the feasible case

q=00
Blttrsed 3 [ 0900 @01 = o (@) ds (0.1
q=
g=o0 1 1= ~ 2@\
:)\/ g———e 2("(9)> {1@((1 x ﬂ dg.
ag=7E /2o (9) ol9)
(D.2)
The substitution q;f;)g) := —t is used. It follows that ¢ = —to(9) +-2(9) and dg =
—0(9) dt. Using normalized quantities, ¢ can be expressed as t = %

Assuming N — oo yields for the upper bound ¢, = —oo and for the lower bound
t; = co. The derivation of the these bounds is provided in more detail in [9,
Section 3.1.2.1.2.6, pp. 40-41]. Applying the substitution results in

A-1
t=—00 (9)
E[g1:hpens] & — / (@@ —t0@) L3 |1 @(~t)|  dt (D.3)
rleas t—oco 2mo(9) ——
=a(t)
W A 7T g rar— oo /tmt—%tzcbw-ldt
=z — € —o¥W— e
V27T t=—o00 \/27r t=—o00
(D.4)
= 2@ _ o @e . (D.5)

In the step from Eq. (D.3) to Eq. (D.4), the fact that taking the negative of
an integral can be expressed by exchanging the lower and upper bounds of the
integral, the symmetry of the standard normal distribution have been used, and
the fact that the integral of a sum can be expressed as a sum of integrals have
been used. In Eq. (D.4), the integrals contain the probability density function
of the order statistic of standard normals. The first integral is an integration
over all possible values. Hence, this equals 1. The second integral is its expected
value and is the so-called progress coefficient ¢; » (see Eq. (30)).
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E. Derivation of an E[q1;x,,...] Approximation

Analogously to the feasible case, insertion of Egs. (25) and (27) into Eq. (15)
yields for the other case

g=00

E[q]-?)‘infeas} ~ )‘/ 0 quinfeas<q)[1 - PQinfeas(q)})\_l dq <E1)
q:

a=TVE (141/¢) 1
=\
/q—o ! o@? 4+ 02 /¢ Vor

1 [ (1+1/8q -2 —7/VE

><exp —5
0@ + 02 /¢
A—1
_ 2@ _F
e (QrrOe =0 —wvE) |
o0 + o2/
(E.2)
The substitution -
1+1/6)q—29 —7
(+1/0g-29 —7/VE ©3)

Vo +a2/¢
is used. It follows that
1 2 _
R (9) 2 (9) )
q o9 o2/t + 29 7 E4
o (v /e VE (E)

o@” +02/¢
dg=—"+————dt. E.5
A+1/9) ()
Using the normalized 0(9)*, o, ~ 0@ for N — oo, and c@" <« N (derived
from Eq. (B.6)), t can be expressed as

(1+1/8q -2 —7/VE _ (141/6)q— 2@ —7/E
\/g<g>x;<g>2 4 g0 o2 N —N\/E{ o@ ) JEFT -

N2¢E
The lower bound in the transformed integral therefore follows assuming & > 1,
N — 00, using co > 7 =~ r@ > 0, and knowing that 0 < 29 < 00 as t; ~ oo.
Similarly, the upper bound follows with the same assumptions ¢, ~ —occ. The
derivation of the these bounds is provided in more detail [9, Section 3.1.2.1.2.7,
pp. 41-44]. Actually applying the substitution to Eq. (E.2) leads to

El¢1:0 i geas) = \//;7# (1_’_11/5) /t ) <—\/mt + 29 4 r/\/g)

=—00

and

t=—

E.6)

x e 2t (¢ L dt
(E.7)
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where the fact that taking the negative of an integral can be expressed by
exchanging the lower and upper bounds of the integral and the symmetry of
the standard normal distribution have been used. This can be further treated

yielding
oW +o2/E N e
Eloi . _ r te 2 ()M de
G157 infoas) 14+1/¢ Vor Jie— oo Q

=i (E)
) 47 t=o
o+ r/VE A e 2Pt dt
1+ 1/§ V2T Ji=—co
=1

S (iR - S 2
= 1+£(:E9 +r/\/g) 1+€< o) Jro%/f) cx.  (E9)

In Eq. (E.8), the integrals in the first and second summands contain the prob-
ability density function of the order statistic of standard normals. The second
integral is an integration over all possible values. Hence, this equals 1. The
second integral is its expected value and is the so-called progress coefficient c;
(see Eq. (30)).

F. Derivation of an Approximation for the Offspring Feasibility Prob-
ability

An offspring with values (Z,7)7 is feasible if the condition 7 < #/+/€ holds.
For a particular value ¢ = &, this probability is denoted by

relver < = [ )= ().
(F.1)

It is computed by integrating from the cone axis up to the constraint boundary
at the given ¢ value. The last equality results from Eq. (B.6) (o, =~ o9 for
N — o0). This particular ¢ is the best projected value among A with prob-
ability density p1.a(q¢) = A\pg(q)[l — Po(¢)]*~!. As an approximation for the
best offspring probability, the probability for a single offspring to be feasible is
computed and considered here. In [9, Section 3.1.2.1.2.8, pp. 44-47] it is shown
in more detail that this single offspring probability can be derived from the best
offspring feasibility in the asymptotic case N — oo. For the single offspring
case, integrating Eq. (F.1) over all possible values of ¢ results in

g=o0 1 q
P (29 70) @) :/ o { ( f)] () da. Fo
( = o (& (0 (F.2)

pp(7)dF = ® <

I 2
with p.(q) = m exp [é (q;%)) } from Eq. (21). The substitution ¢ :=

N L . .
% is used. It implies ¢ = 0@t + 29 and dg = odt. With normalization
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it follows further that t = N ( q—z'?

m) This implies t; = —oo and t, = oo.

Application of the substitution yields
q:ooq) 1 q 1 1/q—a9 2 d F3
I el ()l e |5 () | @

t=o0 1 (oWt gl@ 1 _ap

Now, Eq. (C.11) can be applied with a = L& and b= % — Ty resulting in

t=o00 1 o@Dtz 1 1,
[l (e ) e "

1 .’,E(g) ]_ x(g)
=P . _r ~P|— | — — T . F.6
0@, /141 <\/E r) L@ <\/E T)] (E-6)

The last step was derived under the assumption & — oco.

G. Derivation of an E[g,y;, . ] Approximation

This section presents the derivation of an approximation for the expectation
of the r value after projection of the best offspring in r direction

qr=00

E[Q7'1;)\ |x(g)7r(g), U(g)] = E[QT'I;)\] = / qT'p‘Irl;/\ (q7) dqr' (Gl)
qr=0

Eq. (G.1) follows directly from the definition of expectation where

p‘In;)\ (qT) = qu1;>\ (qT | m(g)’ ’r(g)7 0(9))

indicates the probability density function of the best (offspring with smallest
q value) offspring’s ¢, value. Considering an arbitrary offspring with (,7)7
values before projection and (g, ¢,)? values after projection. The ¢, value is
the best among the A values if its corresponding ¢ value is the smallest among
the A\ offspring’s ¢ values. This follows from the definition of the objective
function (Eq. (1)). One arbitrarily selected mutation out of the total A muta-
tions has joint probability density pg. g, (¢, ¢) = pg.0, (¢, ¢ | z(9) 79 5(9) for
its projected values ¢ and ¢.. With a similar order statistic argument as for
the x progress case in Section 4.2.1, one obtains Apg.o, (¢,¢-)[1 — Po(q)]* .
Integration over all possible values of ¢ yields

q=00

pqm;x(‘]r) = /\/ PQ.qQ. (Qa %’)[1 - PQ(Q)])\il dq- (GQ)
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Insertion of Eq. (G.2) into Eq. (G.1) results in

(
Elgrrs] = / / oo @a)ll — Po@Pdgdg,  (G.3)

A/ - [/%_w 00.0,(20,¢-)dg, | [1 — Po(q)]*'dg.  (G.4)

qr=0

=:1(q)

The integral in I(g) in Eq. (G.4) can be expressed in terms of the values before
the projection. Because the value ¢, is an individual’s r value after projection,
it only takes values in the interval [0, z/y/€] for 2 € R,z > 0. All values outside
this interval are projected onto the cone boundary. The integral in Eq. (G.4) is
therefore split into multiple parts. Considering an infinitesimally small dgq,

F=q/VE F=q/VE
I(q)dqui0 mp1,1(q, 7 )drdq+% (pQ(Q)dq—[O p1:1(q, )drdq>

=dPline

(G.5)

is derived. The first summand in Eq. (G.5) corresponds to the part inside the
cone (7 < q/+/€). There, no projection occurs. Consequently, this part is equal
to the first summand in I(g). The second summand corresponds to the projected
part. Everything on the projection line resulting in particular (g, ¢,)” values, is
projected to ¢, = q/+/€. Tt can be expressed in terms of Q. The probability for
an offspring to fall onto the infinitesimally small area at ¢ around the projection
line, equals dPjjpe- The summand in d Pj,e corresponds to the probability that
the projected x value equals ¢. It includes the feasible case. The subtrahend
subtracts the probability for an offspring to fall onto the infinitesimally small
area at g around the line from the cone axis to the cone boundary. As described
in Section 4.2.1, p1.1(x,r) denotes the joint probability density of an offspring’s
(x,7)T values before projection. The same argument leading to Eq. (20) is used.
That is, assuming a sufficiently small value for 7, the log-normally distributed
offspring mutation strength &; tends to the parental mutation strength o(9).
Under this assumption that &; ~ ¢(9), Eq. (G.5) can be simplified yielding

F=q/VE

I(q)dq = p.(q)dq / B py(7) A7
7=q/VE€
+ % (pQ(Q) dg — p.(q) dgq /f:o pr(7) df)



Insertion of Eqs. (21) and (23) into Eq. (G.7) yields

2
1 1/q—a9
Ha) ~ o=y oxp [2 <a<>)
/’:—qN? 1 1 (f—f>2 W
r ex — = ‘s
F=0 V2o, P17 o
2
q 1 1/q—29
t (pQ(Q) @) eXp[ 2< e

realVE 1(7F—7\>
X — X —_ = d'F .
7=0 V2mo, P 2( Or )

r=alVE 1(F—7\
r —= dr G.9
/on r\/ 210, b l 2 < oy > " ( )

can be solved by substituting ¢ := =", which implies d7 = o, dt and 7 = o, t+7.

o

The integral

The upper bound t, = @ and lower bound t; = —Ui follow. The lower
bound ¢; tends to —oo for N — oo because normalization yields ¢; = —N#T(g).

The application of the substitution results in

p— A/ VE-T 1 1 = A/ VE-T
or 1,2 Tr 142
o t+7T e~ 3t dtzo—/ te™2t dt
=00 (o )\/271' T\/27r t=—o00
/e (G.10)

In the last step, the identity ftt:foo te=2dt = —e=2%" from [10, Equation A.16]
and the cumulative distribution function of the standard normal distribution
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have been used. Insertion of Eq. (G.11) into Eq. (G.8) results in

2
1 1/q—29
I(q)  —— — | —

(@) V2ro(9) P l 2 ( o9 > ]

{522

q 1
+ ﬁ (pQ(Q) - \/%O'(g)

AT 1/7F—7\°
X ———exp |—= dr
7=0 V2mo, P 2( Or )

Varo®)
[ 20 g
+ \/igpQ(Q)
(G.13)

after simplification.

The Approzximate r Progress Rate in the case that the probability of feasible off-
spring tends to 0. Insertion of Eq. (G.13) into Eq. (G.4) results in the expected
r value after projection of the best offspring for the infeasible case

g=00 )2
= 1 ( geal
1 7§<q(,(g) )

E[qu?Ainfeas] ~ A =0 m@
o4 q/VE-T _or _%<%f42
XKT \/E)CI)( & ) e (G.14)
[1 _PQ(Q)}Afl dg .
1 g=00
+ 3 [ amo@lt — ol da.
g=
=E[g1;]
1
~ \/EE[QI;A]' (G.15)

In the last step the remaining integral is assumed to be negligible in the asymp-
totic case.
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H. Derivations for Expressions leading to the SAR Approximation

2
In this section, the expressions f(a(g)), g—f , and % are calcu-
7 lo=c(9) 7" lo=0(9)

lated where

o — o9 g=00
f(o) = () 3 [ palal . r 90— Po@P g (L)

0'(9) -0
Because f(o9)) = ”w:,@()r(g) X =0,
fle?)=0 (H.2)
immediately follows. For % ) One derives with the product rule
of 1 g=00 B
% — ﬁ)\/ . pQ(q\x(g),r(g),a)[l _ PQ((])V\ 1 dq
g=
— o) g=c0 g
o9 9 (@) ,(9) _ A-1
R /\/q—o aoPalala, r? o)[1 = Po(q)]™™ dg.
(H.3)
Therefore, it follows that
o _ L[ ) 1(0) (@) A1
8(7'0'—0'(9>_0'(9))\/q_0 po(q|='9,r'9 o' 9)[1 — Po(q)]" " dg
=1
(@) — 59 9= g
A H.4
+ O'(g))\/q_o %PQ(QM(Q),T(Q),J) ( )
=0
x [1 - Po(q)*'d _ b
@l q o=c@ o9’

Computing the derivative with respect to o of Eq. (H.3) using the product rule
for the second summand results in

0% f 2 = 9
ZJ - = (9) ,.(9) _ A—1
902 g<g>A/q_0 aopala] e, r@ o)1 - Po(q)* " dg

7)) g=00 92
+ LA/ 9 (q]29,r9) )1 — Py(q)* ' dg.
q=0

o(9) @pQ
(H.5)
This implies that
0*f 2 == 9 A1
902 oot U(g))\/q—o %Z?Q(q |29 79 5)[1 - Py(q)]* ' dg .
(H.6)

Hence, Zpg(q|z@,r9,0) has to be derived next. To this end, Egs. (24)
and (25) are revisited. The infeasible case is treated first followed by the feasible
case.
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H.1. The case that the probability of feasible offspring tends to 0
For the derivation in the case that the probability of feasible offspring tends
to 0, Eq. (25) is simplified further using 1+ 2 ~ 1+ £ + O(2?)

0N TN (H.7)
r(9)2 - 27"(9)2 .

T~

and (for N — o0) 09 ~ ¢, yielding

(14 o= - (10 28)
13 \/13 2r(9) (HS)
te

PQinfeas(q | x(g)7 T(g)7 U) ~ ¢

and

d
innfeas (q ‘ x(g)7 r(g)’ U) = @PQinfeas(q)

1 (9) _ r'® 2N 2
(1+8)a—2@ 2 (14 20)

IRARE:
N — exp |—=
vom o 2 o4/14+ %
(H.10)
Taking the derivative of Eq. (H.10) with respect to o one obtains
0
%innfeas (q | x(9)7 r(g)7 0)
1 1 (9)
_tref (1+E)q‘x(g)‘%+ oN
Vom0 o1+ 1 2\/@(9)\/@
r(9) o2
) (1+%>q—:17(9) -2 (1+2TT])V2) (H.11)
oy/1+ %
1 1 (9) r(9 1 a>N 2
X exp 1 Te)l— 2 = (L gz
2 oy/1+ %

1t alN
Addition of the term 2\/@({/)\/@
expressions inside the first pair of square brackets, regrouping, and subsequent

N L
_ 2\/@5)\/@, which is equal to 0, to the
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insertion of the resulting expression and Eq. (H.8) into Eq. (H.6) result in

9 q=7¢€ 1 1+ %
o=o(9) 0'(9) /q—O m 0’(9)2

(14 1) g—a@ — 22 (14 29°K)

2
0 finfeas
002

+
0‘(9) 1+ %
(9) o(9)?
oN (1+8)a—29 - (1+ 50%)
VEr@, 1+ ¢ 0@, 141 (H.12)
Vg2l -2 (14 222) ’
X exp | —= (1+£)q S STk
2 o'(g) 1+ %
2 A—1
(]_ + l) q— (E(g) — ro) (]_ + M)
x |1-® : Ve 2 dg.

o(9) /1—|—%

2
(1+1)g—alo) -2 <1+ 29y

) is substituted. It

2
For solving this integral, —t := Ve 2r(9)
o, /1+1
further implies dg = — \/%dt. Expressing ¢ with normalized o9 = Do @7

*2
(1+4)a-s - =2 (1423

one obtains t = —N o i . For N — oo, the integration
o T E
bounds after substitution follow as ¢; = oo and t,, = —oo. The resulting integral
reads
a2finfeas
80'2 o=0(9) (ng)
2 A t=—o0 O'(g)N 1,2
:——2—/ A4ttt [1 - ®(—t)]M e
0'(9) vV 27 t=00 1+ %\/E?“(g) W
(H.14)
2 A [ @N
- 727/ 12— T Ve e de (HL15)
oD V2 Ji—— o 14 %\/gr(y)
2 2 (9N
= — (d-1) - —5—= dh). (H.16)
0'(9) 0'(9) 14+ %\/gr(g)

In the step from Eq. (H.14) to Eq. (H.15), the fact that negating an integral
is equivalent to exchanging the upper and lower bounds and the identity 1 —
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®(—t) = ®(t) have been used. In the step from Eq. (H.15) to Eq. (H.16) the

higher-order progress coefficients (see Eq. (61)) dglg\ and dgz;\ have been used to

express the integrals. It holds that dgl/)\ = C,\.

H.2. The case that the probability of feasible offspring tends to 1

Now, the case that the probability of feasible offspring tends to 1 is con-
sidered in Eq. (H.6). Note that Eqgs. (H.2) and (H.4) are the same for both
cases, the infeasible case and the feasible case. To treat Eq. (H.6) further for
the feasible case,

%pQ feas = (970' Yo

1 —1(e=@ 2
(q|2@,r® ) 8[ ¢ (== )1 (H.17)

has to be derived. With the use of the product rule and subsequent simplification
one obtains

0 1 —p(e=2 : 1 — 2@\ —1(==2 :
80[%06 ( >]:\w[‘”(q = )] (=)
(HL.18)

Insertion of this result and Eq. (25) into Eq. (H.6) results in

= _ 29 2 _1( g=z(® 2
:l)‘/ # -1+ -2 e 2<U(g>)
o=c(9) 0'(9) g=TVE \/%O_(g)g 0_(9)

_ 29
qg—x A—1
X [1—@( @ )] dg.

82 ffeas
Oo?

(H.19)
The substitution —t := %, which implies dg = —c(9)dt, and therefore for

N — oo lower bound t; = co and upper bound t,, = —o0, yields
O fiws) 2 A / e B P ewPa (H20)

80'2 o=0(9) B 0'(9)2 m t=—o00 .
2 (@
= d?) — 1) . H.21
—7 (43 (H.21)
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