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Abstract. Evolution strategies (ES) have been demonstrated to be ef-
fective in the optimization of continuous highly multimodal problems,
provided that the population size p exceeds the default values employed
in unimodal problems. Conversely, the efficacy of an ES can be enhanced
by rescaled mutations, which reduce the step toward the new parental
centroid by a factor 1/x. Additionally, the adaptation speed of the muta-
tion strength affects the success rate and efficiency of an ES under high
multimodality. The objective of this paper is to analyze the relation-
ship between these parameters and the search space dimension N for the
(u/pr, A)-0SA-ES on the highly multimodal Rastrigin function. First, a
scaling law is derived that depends on N and p in order to estimate
the optimal k required to achieve a satisfactory convergence probability.
Second, the value of the learning parameter 7 is derived for given x and
N, yielding optimal efficiency.

Keywords: Evolution Strategies - Global optimization - Rescaled mu-
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1 Introduction

Evolution strategies (ES) have demonstrated their efficacy in localizing the global
optimizer in real-valued, highly multimodal landscapes, provided the strategy
parameters are chosen appropriately [I]. In particular, the population size
must be sufficiently large. In [2], a scaling law for x4 as a function of the search
space dimension N was derived for the Rastrigin function by employing the
frozen noise approach. The approach’s fundamental concept is interpreting the
mutative sampling of the local landscape oscillations as frozen noise, which allows
one to draw conclusions from the noisy sphere to the Rastrigin function. The
basic result was that the p-value required to achieve a satisfactory convergence
probability scales sublinearly with N, approximately with O(v/N log(N)).
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In addition to increasing the population size, rescaled mutations can be ad-
vantageous for successfully locating the global optimizer under high multimodal-
ity. This principle was initially proposed in [3]. It can be succinctly expressed as
"mutate large, but inherit small." This means that the search space is explored
with a substantial mutation strength, but the step toward the new parental cen-
troid is reduced by a factor 1/k. The progress rate for the self-adaptive (1, A)-
0SA-ES with rescaled mutations on the noisy sphere model was derived in [4].
This analysis was extended to the multi-recombinative (11/pr, A)-0SA-ES in [5].
In addition to the noisy sphere, the progress rate for the Rastrigin function was
derived.

Furthermore, the adaptation of the mutation strength has been demonstrated
to have a significant impact on the success probability and the efficiency of an
ES. In highly multimodal landscapes, slower adaptation leads usually to higher
success rates. Conversely, slower adaptation increases the number of function
evaluations, resulting in lower efficiency [6]. For the self-adaptive cSA-ES, the
adaptation rate is controlled by the learning parameter 7, where larger values of
7 lead to faster adaptation. The 7-value that ensures the best efficiency on the
sphere model for the (u/pr, A)-0SA-ES was derived in [7]. There, the normalized
mutation strength o* approaches a steady-state value that remains constant
throughout the evolution process. In multimodal landscapes, the steady-state
o* depends on the distance to the global optimizer and undergoes a reduction in
the region where the oscillations in the landscape become more pronounced. This
o*-decrease reduces the efficiency of the ES. In [§], the 7-value that minimizes
the o*-decrease was derived resulting in the finding that 7 oc 1/v/N.

One goal of this paper is to extend the previously mentioned population sizing
equation to include ES with rescaled mutations and derive a scaling law for the
population size as a function of x and N. This will be achieved in Section
resulting in the observation that p scales inverse linearly with x. Furthermore,
to ensure a constant success rate, the adaptation speed must be reduced as
well if x increases. The objective of Section [ is to determine the 7-value that
guarantees a large success rate and efficiency on the Rastrigin function for a
given x and N. To this end, the critical o*-value is calculated for which the
expected progress is zero. In a subsequent step, the value of 7 is determined
such that the steady-state o* is equal to the aforementioned critical o*-value.
Finally, the theoretical findings will be compared with real ¢SA-ES runs.

2 Preliminaries

The Rastrigin test function for an N-dimensional search vector y = (y1,...,yn)
is given by
N
Fly) =Y [v7 + A1 - cos(ay:))] , (1)
i=1

where the parameter A denotes the oscillation amplitude and « denotes the
frequency. The global optimizer, located at ¥ = 0, is surrounded by kv — 1
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Fig. 1. Rastrigin function for N =2, A=1, a = 2n. The green dashed square
in the contour plot shows the global attractor region , the star shows the global
optimizer, squares the nearest stationary points, and the blue arrows show the negative
gradient flow, respectively.

local minima, where k is a function of the Rastrigin parameters. The left plot of
Fig.[[]shows the Rastrigin function for N = 2 and the right plot shows a contour
plot where the global optimizer is represented by the star. The global attractor
region is defined as the region where the negative gradient flow goes towards
the optimizer. It is represented in the right plot of Fig. [I] by the green dashed
square. In [2] it was shown that the global attractor region is a hypercube

Aam
A: [_A7A]N, A: m, (2)

where A denotes the distance to the nearest stationary point.

The (p/pr, A)-0SA-ES with rescaled mutations, which is described in Alg.
follows the basic workflow: mutation, selection, and recombination. In each gen-
eration A offspring individuals are generated by mutation (Lines [3]- [8). Subse-
quently, the p individuals with the best fitness values are selected (Line[9). They
will serve as the parents for the next generation. The subscript “m;A“ denotes
the selection of the m = 1,..., u best individuals out of A. The ratio ¥ := u/\
is refereed to as truncation ratio.

The mutation strength o is controlled by self-adaptation (cSA). The offspring
mutation strengths are sampled from a log-normal distribution with learning pa-
rameter T (Line. The standard choice of the learning parameter is 7 = 1/v/2N,
which guarantees optimal performance on the sphere model [7]. A smaller 7 yields
a slower adaptation, which is an advantage in multimodal problems [6].

In Line[I0]the mutation vectors of the surviving parents are recombined. The
parental centroid of the subsequent generation is determined in Line [I2] Instead
of traversing the entire distance, only a segment is covered. The direction remains
constant, but the step size is diminished by the factor 1/, where k > 1 is referred
to as the rescaling parameter. Rescaled mutations allow to explore the search
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Algorithm 1 The (u/ps, A)-0SA-ES with Rescaled Mutations

1: Initialize (y(o), 0'(0), Ostop, 9 = 0, /1)

2: repeat

3: for /=1 to X\ do

4: & = o@e™NOD > mutate parental o
5: 7z, = (N(0,1),...,N(0,1)) > search direction
6: y, = y'9 + 57 > mutate y
7 F, =F(y) > evaluate offspring
8: end for

9: (F1n5- -+, ¥usn) < sort (y w.r.t. ascending F)

10 x@ = et TmiaZmi > recombine the p best 5z
11:  g=g+1

12: y @ =yo7h 4 Iylo=D) > new parental center with reduced step size
13: o) = % B Omia > recombine the p best &

14: until ¢9 < Ostop

space with a larger mutation strength. This was shown in [3] for the Rastrigin
function. It is also visible in Fig. 2] where the influence of the rescaling parameter
k on the success rate Py is investigated. The thin lines show the R-dynamics,
where R = ||y|| denotes the distance to the global optimizer. For larger values
of x, the ES becomes slightly faster and P, gets significantly larger.

The bold lines show the mean value dynamics of only the successful runs.
After just a few generations the normalized mutation strength

. N

ot=op (3)
has reached its steady-state value. This value depends strongly on the rescaling
parameter and is considerably larger the larger & is. In this phase, the ES behaves
as it would operate on a sphere model. Reaching the steady-state value o7, of
the sphere model, the following steady-state condition holds [9]:
©* (U:s’N) =-Nvy (U:s’T’ N) (4)
The function ¢ := E [(0(9) — J(QH))/J(Q)}, which is independent of x, denotes
the self-adaptation response (SAR). It measures the relative change of o from
one generation to the next. The SAR-function in the sphere model was already
derived in [7]

* (c7)?
* 1 g 1,1 1+
1/1 (0 y T N) = 7-2 5 —Cu/pr,x ()2 + 6#7)\ 14 (UJY)Q ) (5)
1+ BN 2N

where c,,/,,, » denotes the progress coefficient [9] and eZ’f\ denotes the generalized
progress coefficient [10] The function ¢ := E[(R — RUHD)] denotes the

% The values of ¢, » are roughly in the range of [0.7, 1.3] for ¥ € [1/4,1/2] and the
values of ei’,l)\ in [0, 0.9], respectively



Optimal Learning Parameter of an ES with Rescaled Mutations 5

Ry

- 50

R

(R}

(o)
-30

\ 10
(o}
- 0

Fig. 2. Thin lines: Residual distance dynamics for 200 (50/50;7,100)-cSA-ES runs in
the Rastrigin landscape with A = 1, o = 27, 7 = 1/\/8W, N = 100, and rescaled
mutations with rescaling parameter . For each run, the ES was initialized randomly
at distance R(”) = 1000 to the global optimizer. The success rates are (from left to
right) P, = 0.55, Ps = 0.96, and Ps = 1. The bold lines show the mean value dynamics
derived from the successful runs: R-dynamics (white), mutation strength o (blue) and
its normalization ¢ (light blue and right y-axis). Dashed-dotted vertical line shows
the generation where R = Rg .

progress rate, which measures the expected difference in the residual distance
from one generation to the next. Its normalization is given by ¢* = ¢ N/R. For
the sphere model and rescaled mutations it was shown in [5] that

(07)?

* )2
Cufurn0® 1t anug vl s (o%)

o*)? (0%)? Npur?
\/1—1—7(2]\; \/1+W :

Closer to the global optimizer, when the perturbations of the Rastrigin become
more pronounced, the ES slows down and o* decreases (see Fig. . From this
phase onward, the behavior differs from that of the sphere. To this end, the
R-dependent second-order progress rate for the Rastrigin function is used

i ;:E[(R(g))z_(wn)z],Where (o) =2 ()

1. (6

90*7H(0—*7 N) _
K

The second-order progress rate for the (p/ g1, A)-0SA-ES with rescaled mutations
on the Rastrigin function was derived in [5]. It is given by

2R%0%c a? R? o?N
Ik _ 24V 9 Cu/pr X 2 = 2, -
= (Ao (< (o + V) m©

A2
(Dg)? (R) ~ 2No* + 4R?0? + N, (9)

where Dg(R) is an approximation for the variance of the quality gain Djﬂ

4 The quality gain measures the fitness change before selection and is defined by
Q = F(y:) — F(y), where y is the parental centroid and y; is an offspring individual.
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3 The Frozen Noise Approach

The objective of the subsequent approach is to derive a model that describes
the success rate of the (u/pr, A)-ES in the Rastrigin landscape as a function of
k. The fundamental premise of this model is interpreting the mutative sampling
of local landscape oscillations as frozen noise. Consequently, conclusions derived
from the theory of the noisy sphere can be applied to the Rastrigin function.
This approach was previously implemented in [2], where a model for the scaling
behavior of the population size required to achieve a given success probability
was derived. The following section will extend this approach to the case with
rescaled mutations.

The Rastrigin function can be divided into two parts. The global part G(R) :=
R? describes a sphere with a unique global minimum. The second part C(y) :=
AN (1 cos(ay;)) is called the residual part, which consists of an infinite
number of local minima. The perturbations caused by the residual part when
sampled by the ES mutations can be interpreted as frozen noise, resulting in a
noisy sphere model of the form

F(R) = R? + ousN(0,1) with B = |y (10)

The validity of this approach was discussed in more detail in [6]. ogs denotes
the noise strength and is given by the standard deviation of the residual part,
for which the following asymptotic behavior holds [2]]

ops = Rlim V/ Var [C] = A4/ g (11)

In the presence of noise an ES reaches a global or local optimum up to a steady-
state distance Ry := E[R]. For the (u/pr, A)-ES with rescaled mutations on the
noisy sphere it was already demonstrated in [5] that for o — 0

N
Ry = __oBSiV (12)
ARLCy /1y A

That is, if o is not too large, the parental centroid y approaches the expected
distance Ry to the global optimizer when the steady-state is reached. The left
plot of Fig. [8|shows the R-dynamics of ES runs on the noisy sphere with rescaled
mutations. The black dashed line represents the theoretical prediction .

In the steady-state on the noisy sphere, each component of y is normally
distributed [12] with mean zero and variance

2
2 Rst _ OES
Ost =

=— 13
N Arpcyu;a (13)

This holds approximately for an ES on Rastrigin as long as the ES is not trapped
in one of the local attractors. The right plot of Fig. |3| shows the distribution of
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Fig. 3. Left plot: R-dynamics on the noisy sphere model , with ogs from . Black
dashed line shows Rg; (12). Right plot: Histogram of all individual components y; at
distance Rst = 1.68 0 the optimum for 100 successful ES runs in the Rastrigin
landscape with A = 1 and o = 27. The green line is the pdf of the A'(0, R% /N) variate.
Experiments were executed for the (20/20;,40)-0SA-ES with 7 = 1/v/8N, N = 100,
and K = 4.

the single parent components of successful ES runs in the Rastrigin landscape.
The theoretical prediction agree well with the experimental values.

The fundamental premise of the frozen noise approach is that if R is
sufficiently close to the global optimum, one can assume that an ES converges
successfully. To specify what closed enough means refer to the global attrac-
tor region of the Rastigin function. As the population size or the rescaling
parameter increases, Ry decreases and the probability that the ES reaches the
global attactor region gets larger. This probability was already derived in [2]

and is approximatel
A N
P~ [gqs () - 1} . (14)
Ost
Transforming the left part of , inserting , , and yields

2 2
Ipt Lo (A o #Humnd” (g (1pk ]
2 2 Ot OES 2 2

1 /Aa?—2\° AVN 1.1 1\]?
~ N,P) =~ o ZPY+- )|, (15
& prus N, B K ( 2Aam ) \/icﬂ/m)\ { (2 = 2)] (15)

which implies that the population size required to achieve a success probability
1
of Py scales with 1/k. In [2], it was demonstrated that (¢~1(PN /2 + 1/2))? =

% This is only an approximation. Unlike gradient strategies, it cannot be guaranteed
that an ES will converge globally if the parental centroid lies in the local attractor
region. The actual probability depends on strategy-specific parameters, such as the
mutation strength, learning parameter, and truncation ratio.
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Fig. 4. Left plot: Population size to achieve P; = 99% using ¢ = 0.5 and rescaled
mutations with rescaling parameter . Solid lines show and stars show the exper-
imental data for the cSA-ES with 7 = 1/\/87N Right plot: Success rate Ps depending
on « for the 0SA-ES with rescaled mutations, A = 4+ [3In(N)] and p = [0.5A]. Solid
lines show (|14) and symbols show the experimental values for different 7-values (* for
T =1/vV/8N), (o for 7 = 1/v/16N), (x for 7 = 1/4/32N). Experiments were executed
on the Rastrigin landscape with A =1 and o = 27.

O(In(N)), implying that
1
w(k,N,P) =0 <K\/N1n(N)) . (16)

A transformation of yields x as a function of y, which is necessary to attain
a success rate of Ps. x can be expressed as

2 2 1 2
oL (Aa 2> AVN (@1 <1PSN+1>> _0 VN In(N) .
w\ 2Aam \@Cu/m)\ 2 2 I

(17)

Comparison with experiments: The population size equation is represented
in Fig. [ as a function of N and compared with experimental values, which
were determined with at least 1000 independent ES runs. It is clearly visible
that the population size required to achieve a success probability of Py = 99%
decreases significantly if x increases. The scaling behavior is sub-linear for all
k-values. Deviations are expected because the frozen noise approach neglects
strategy-specific considerations. For x = 1, the experimental data are smaller
as predicted by . The deviations are smaller for k = 2. For k = 4, the
predictions of are somewhat smaller.

The predictive quality of is evaluated in the right plot of Fig. |4l The
theoretical values are displayed by the solid lines as a function of x and are
compared to the experimental values represented by the symbols. The different
symbols correspond to different values of 7. Each data point was obtained by at
least 1000 independent runs. The offspring population size is A =4 + |31n(V)].
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This value for X is often used as a default value [I]. As predicted by (14), the
expectation is that P, will increase with increasing . For small values of x, P;
increases for all 7-values. For 7 = 1/ V8N and larger x-values the success rate
declines. For dimension 100, the success rate is approximately zero. A decline is
also observed for larger k-values when 7 = 1/v/16N. The decline occurs later,
with larger success rates being reached in between. For the smallest investigated
T-value, represented by the x-symbols, success rates of 1 are reached and the
general tendencies are well captured by the predictions.

The figure shows that larger success rates are obtained with smaller values
of 7. This finding suggests that success can be achieved even with a small A,
provided that 7 is sufficiently small and « is sufficiently large. As is already known
from many past experiments, an appropriate selection of 7 has a significant
influence on the success rate and efficiency of the ES. The optimal value of 7 as
a function of k will be investigated in the following.

4 The Interrelation Between T and k

As demonstrated by the experiments in Section [3] a larger rescaling parameter
requires a slower adaptation of the mutation strength. This section examines
how to scale 7 as & increases.

In the frozen noise approach from the previous section the evolution process
was divided into different phases. In the first phase, which occurs far away from
the global optimizer, the ES behaves as it would evolve in a spherical landscape.
During this phase, the normalized mutation strength reaches a steady-state value
o%.. In the second phase, the ES reduces its mutation strength below the steady-
state level. As shown in [§], the ES slows down to the critical value ¢ ;,. This is
defined as
o= m}%n o* such that (gog’”) =0, (18)

o_*
cri

where gpﬁ’“ denotes the second-order progress rate of the Rastrigin func-
tion. If the normalized mutation strength falls below this critical level, the ES
converges locally.

The steady-state o}, depends on the choice of 7. A small value of 7 increases
ox.. This leads to higher success rates in multimodal landscapes. On the down-
side a small 7-value leads to a slower adaption of the mutation strength. This
is especially true when o* is reduced to approximately o7, and subsequently
increased again. Therefore, to avoid a decrease too strong in ¢*, select a value of
7 such that o7 is approximately equal to o7}, in the steady-state. This approach
was previously used in [§], for the (u/pr, A)-0SA-ES without rescaled mutations.
Given a value of k, the goal is to find the largest value of 7 such that o, is close
to O—:rit'

The derivation of o},;,: Upon approaching the steady-state distance R ,
the mutation strength will undergo a reduction as visible in Fig. [2| Therefore,
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*

ok will be derived under the assumption that R = Ry. Inserting (12)), the
normalizations and into and setting it to zero gives

(11,,@)*7 N 1k

Rst - 2R§2t SORst
CH/MI,)\RE‘L (U*)2 2+A 2 O[stt (( *)2+N) (U*)2
=t = a‘e - -
NkDg(Ry) AN 2121
__oms(e) o (@) (19)
4k?pDg(Rst) ~ 2w%p
where the abbreviation
o?ogs 2
C:2+Aa2exp(—(0* +N)>. 20
Sy () (20)

By inserting and the normalization (3) into (9), the variance of the quality
gain can be written as

4 4 4 !
*\4 Rs 12 Rs Rs (J ) *\2
DZ?(RSt)’Z2(O') N3t+4(0') N;+0]%S:2N2t< N +2(c") —1—0%8
02 (J*)4 *\ 2
= e ( ~— T2 ] +ois. (21)
HoCh ur

Multiplying both sides of with 2k241/ (0*)? and inserting yields

OES
—(C-1=0% C' =2Dg(Rs
2DQ(Rst) OES Q( At)
oF ()" 2
& opsC =2 5 QEQS ( +2(0*)" | + okg
8K%p Cusur A N
1 1 (0%)* 2>
& -C= +2(0*)" | + 1. (22)
2,22
2 8K /i ( N

For the Rastrigin function in higher dimensions, an ES will only be successful
if either p or k is sufficiently large. In this case the first expression under the
square root on the rhs of is small. The rhs can therefore be expanded into
a Taylor series, resulting in

Lo ! (J*)4+2( ) +1 (23)
- = g .
2 16K2u2c? N

B/ oA

Assuming sufficiently large x or p values, the steady-state value o, will also
increase. In this scenario, the first expression in the brackets of the rhs of
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is considerably larger than the second term. Therefore, under the assumption of
sufficiently large x or u can be simplified to

- 1 ()"
~ 2,22 :
16K°1 Cufur

1
50 -1 (24)

Upon inserting and and taking the square root on both sides, can
be written as

[, A (pan))m T
Zoexp | — o ~N—
2 P 16v/2k 1€,/ \WN Arpcyu, WN

which is an expression of the form

B a’A
16\/5/&/10#/#1,)\\/N
V2 a?AVN
= exp .20
4mucﬂ/u17>\a\/2\/]v 16\/§/<;,ucu/m,,\
By using the Lambert W-function [13], denoted with Wy, (26) can be solved as
1
x= W, (CO> . (28)

Co C1

—co

e~%% & ¢yz, where z = (6%)7, ¢ (26)

C1

It holds that

o a’VAA a?AVN
——exp|——F—7———7—, (29)
16V 2611,/ ,17

and finally

4 [V2N /g 3 A3/2 24N
U:rit@a\/lﬁcl/%’\ W<O‘exp< M)) (30)

8 16\/5,%#0”//”7)\

4.1 The optimal T

Far from the optimizer, the ES behaves as it would operate on a noiseless sphere
model. Reaching the steady-state value o7, of the sphere model, the steady-state
condition () holds. Inserting (6) and (5) into () with o* = o7y, (30), a value

of 7 can be derived that depends on x and N. It can be expressed as

. )2
N 14+ (U:rit)2 —1] = Cufpp ATy It (Z?\;‘Jz
Nun? ¢ G [ (on)?

R\ I+ ==y~ 1+4NL;]:2

* )2
N([1- ol 11 14+

3~ Cu/pr 2 eu,hl (cr)?
14+ Zgrig?” +—38v—

7P (), N) =
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Fig. 5. Gray lines show the o*-dynamics of 100 (5/57, 10)-0SA-ES runs in the Rastrigin
landscape with A = 1, « = 27, N = 100, and rescaled mutations with rescaling
parameter x = 20. The black lines represent the median values. The straight blue
dashed lines show o, . The value 7 = 0.0167 in the middle plot results from .

A comparison between the theoretical value and real ES runs is presented
in Fig. [5] The black line in the middle plot shows the median o-dynamics with
TOPt. Between generations 500 and 2500, there is a strong agreement between
o’ and the median value of o* from the experiments. For the smaller 7-value
used in the left plot, the experimental steady-state ¢* is significantly larger than
ot In the right plot, where 7 is larger than 7°P', the experimental steady-
state o* is significantly smaller than o7 . For 7 = 7°P* and successful runs a
temporary drop in the o*-dynamics becomes apparent. However, the magnitude
of this drop is relatively small compared to the drop resulting from a smaller
T-value in the left plot.

Assuming that p and A\ are constant and N is increasing, an ES in the
Rastrigin landscape can only be successful if x also increases. If k increases with
the scaling behavior , it holds that

2AVN ZA
exp <—M> ~ exp < c > —1 (32)
Cu/pr A

16V/2601C,, /1, 2 _16\/§ln(N)

for N — co and x € 2(v/N In(N)). This implies that

3A3/2 2 AN 3A3/2
w2 exp [ LV —>W<O‘ ) (33)
8 16V/26010,, /1, 2 8

Therefore, implies 0, = O(VrVN) if s scales with O(v/NIn(N)) or

faster. Applying this to the single expressions of it is straightforward to
derive the asymptotic behavior of 7(x, N) w.r.t. N and &, yieldinéﬂ

1
OPt (e N E— 34
7P, N) o [ (34)

S In particular, shows that for sufficiently large x, the optimal 7 is independent
of the population size.
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Fig. 6. Success (* and left y-axis) and number of function evaluations (o and right
y-axis) as a function of 7 determined with experiments for the cSA-ES with A = 4 +
[3In(N) |, p = [0.5X], and & from in the Rastirigin landscape with A =1, a = 27

(left plot), and A = 10, o = 27 (right plot), respectively. Vertical dotted lines show
TPt/ N using o, from .

The efficiency of a ¢SA-ES as a function of 7 is investigated experimentally
in Fig. [6] The symbols show the success rate and the mean number of function
evaluations Fg of 1000 ES-runs where x was chosen according to with
P, = 99%. The vertical dotted lines show . In all cases the success rate
for 7 = 7°P! is larger than 94%. For larger 7-values the success rate decreases
strongly. Fg is in the vicinity of its minimum value for 7 = 7°P*. For smaller
T-values Fp increases strongly.

A comparison for the case k = 1 is shown in Table [I] The lines where k # 1
use TOP* and the same setting as Fig. @ The lines where kK = 1 use ¥ = 0.5, a
p-value that provides a comparable success rates, and 7°P* . In the landscapes
where A = 1 the ES is slightly more efficient when s was chosen according to
(17), especially for increasing N. This is also the case for A = 10 and small N.
For A =10 and large N the efficiency is larger when x = 1.

5 Conclusions and Outlook

Rescaled mutations enable an evolution strategy to locate the global optimizer
in highly multimodal landscapes even with moderate population sizes. The fun-
damental principle underlying this process is to explore the search space with a
large mutation strength. However, the step towards the new parental centroid is
reduced by the factor 1/k. The goal of this paper was to determine the scaling
behavior of the optimal x as a function of the search space dimension N and
population size p. It was demonstrated for the (u/ur, A)-ES on the Rastrigin
function that the optimal « scales with (’)(%\/JV In(N)).

For the self-adaptive (u/pr, A)-0SA-ES, achieving success in the Rastrigin
landscape requires selecting an appropriate learning parameter 7. As x increases,
7 must be reduced, which results in a slower adaptation of the mutation strength.
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Table 1. Success rate Ps and number of function evaluations Fr determined experi-
mentally with 1000 0SA-ES runs where 7 = 7°P* in the Rastrigin landscape.

N|Ala|lp| A K T Ps Fg

10| 1|27 5 | 10 | 5.9014 |0.1116(|0.957| 4875
10 | 1|27| 24 | 48 1 0.2497{| 0.96 | 5595
50 |1|2m| 8 | 15 | 10.999 |0.0327|(0.947| 35094
50 |1 |27| 73 | 146 1 0.1037(|0.944| 39517
100( 1 |27| 9 | 17 | 14.9195|0.0193|[0.971| 77418
100| 1 |27|121]| 242 1 0.0722{| 0.97 | 93856
200/ 1 |27 10| 19 |20.4062 |0.0115({0.962{170691

200| 1 |27|205| 410 1 0.0505|{0.966|229273
10 |10|27| 5 | 10 |64.8188|0.0412(|0.967| 92507
10 {10{27|130]| 260 1 0.3255((0.969|320358
15 |10|27| 6 | 12 | 69.872 |0.0317(|0.981]|142900
15 |10|27|233| 466 1 0.2608|| 0.98 173797
30 (10|27 7 | 14 | 93.3148 |0.0189|0.972|271890
30 [10|27|432| 864 1 0.1806(0.969|242056
50 [10|27| 8 | 15 |120.8092{0.0127||0.961|500485
50 [10|27|670(1340 1 0.1383(0.961|428628

This is desirable because it allows for a stronger exploration behavior of the ES.
The extent to which 7 should be reduced for a given N and x was investigated.
It was determined that 7 should be maximized while maintaining (positive)
progress. This 7-value is expected to ensure optimal efficiency. Combining both
results, one can calculate the corresponding x and 7-values for given p and
N that guarantee a large success rate and efficiency. As a result, it can be
stated that 7 must be reduced by a factor of 1//k. The theoretical results
were validated by experiments and compared with the (u/pr, A)-0SA-ES without
rescaled mutations.

Throughout the entire evolution process, the rescaling parameter was as-
sumed to remain constant. As experiments have confirmed for the CMA-ES
[14], adaptating x to the current search phase might improve the efficiency ad-
ditionally. The theoretical results presented in this paper could form the basis
of a detailed analysis of an optimal online k-adaptation for the cSA-ES.

The theoretical analysis of this paper was limited to the Rastrigin function.
With knowledge of the progress rate of other highly multimodal test functions
the theory can be extended to them. This remains as a task for the future.
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