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Abstract
Rescaled mutations have been proven to improve the convergence
behavior of Evolution Strategies (ES) in noisy or highly multimodal
fitness landscapes. The basic principle is "mutate large, but inherit
small", meaning that the step toward the new parental centroid is
reduced by a factor 1/𝜅. This paper investigates the impact of 𝜅
on the progress rate of a (𝜇/𝜇𝐼 , 𝜆)-ES in a highly multimodal and
noisy scenario. For the second-order progress rate, the gain part
scales inverse linearly and the loss part scales inverse quadrati-
cally with 𝜅. This relationship is applied to the Rastrigin function
in the limit of large dimensionality. Furthermore, a 𝜅-dependent
first-order progress rate for the noisy sphere is derived, yielding
the aforementioned scaling behavior. The findings suggest that as
𝜅 increases, the interval of the normalized noise strength where
positive progress is possible gets larger. Consequently, the search
space can be explored with a larger mutation strength, leading to
larger success rates in the Rastrigin landscape and to a smaller
steady-state distance in the noisy sphere case.
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1 Introduction
In the context of Evolution Strategies (ES) in the 𝑁 -dimensional
search space, the presence of high multimodality or noise poses
a significant challenge. In a multimodal landscape, an ES may en-
counter difficulties in localizing the global optimizer, resulting in
convergence to one of several local optima. Furthermore, in land-
scapes disturbed by substantial noise, the distance to the optimizer
can increase due to the selection process being distorted by the
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noise. Counteracting these behaviors, there are many methods for
improving the progress of an ES. Many techniques work by increas-
ing the gain part of the progress rate (see (10)). One such technique
is the increase of the offspring population size 𝜆 for a (1, 𝜆)-ES [4].
Conversely, more substantial progress can be achieved by reducing
the loss part. For example, recombination [4] has been demon-
strated to be a viable approach. In [7], it was shown that, using the
CMA-ES with weighted recombination, it is possible to identify the
global optimum under high multimodality. However, the required
population size must be chosen sufficiently large exceeding the
usually recommended default value. As an alternative, rescaled
mutations can be advantageous and can lead to positive progress in
highly multimodal structures, even for moderate population sizes.

The basic principle of rescaled mutations was initially proposed
in [16]. It signifies that the search space is explored with a sub-
stantial mutation strength, but the step toward the new parental
centroid is reduced by a factor of 1/𝜅, where 𝜅 > 1 is referred
to as the rescaling parameter. In [2], rescaled mutations were im-
plemented for the (1, 𝜆)-ES on the noisy sphere to investigate the
impact on the progress rate. The results revealed that the gain
part is diminished inverse linearly with the rescaling parameter 𝜅,
while the reduction of the loss part is quadratically related. These
results were obtained for the asymptotic case, 𝑁 →∞. In [3], the
𝑁 -dependent progress rate was derived. In the case of the noisy
sphere, it was observed that an increase in 𝜅 leads to an expan-
sion of the region of the normalized mutation strength 𝜎∗ where
positive progress is feasible, resulting in a decrease in the steady-
state distance to the global optimizer as 𝜅 increases. In [6] rescaled
mutations were applied to comparison-based algorithms on the
noisy sphere, resulting in faster convergence rates. In [10], rescaled
mutations for the CMA-ES were investigated in several multimodal
landscapes. It has been shown that a reduced learning rate1 has
the same effect on the success rate as a larger population size. The
learning rate in [10] was regarded as a hyperparameter and was
constant for the entire duration of the experiment. An online adap-
tation of the learning rate was proposed in [8], with the objective
of accelerating the process. In [12] and [11] the learning rate is
adapted to maintain a constant signal-to-noise ratio. A deeper the-
oretical understanding of the effect of rescaled mutations can be
achieved by the progress rate analysis.

1The concept of the learning rate is used in the field of machine learning and in the
context of CMA-ES. Rescaled mutations can also be interpreted as a reduced learning
rate.
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Figure 1: Thin lines: Residual distance dynamics for 200 (50/50𝐼 , 100)-𝜎SA-ES runs in the Rastrigin landscape with 𝜏 = 1/
√
8𝑁 ,

𝑁 = 100, and rescaling parameter 𝜅. For each run, the ES was initialized randomly at distance 𝑅 (0) = 1000 to the global optimizer.
The success probabilities are (from left to right) 𝑃s = 0.55, 𝑃s = 0.96, and 𝑃s = 1. Bold lines show the mean value dynamics
derived from the successful runs: 𝑅-dynamics (left 𝑦-axis and white line), mutation strength 𝜎 (left 𝑦-axis and blue line) and its
normalization 𝜎∗ (right 𝑦-axis and light blue line).

Up until now, a detailed analysis of the progress rate of rescaled
mutations was conducted exclusively for the (1, 𝜆)-ES on the sphere
and noisy sphere model. An analysis of the progress rate with
rescaled mutations for more complex scenarios is still pending.
This paper focuses on the impact of rescaled mutations on the
progress rate for a multi-membered (𝜇/𝜇𝐼 , 𝜆)-ES, where 𝜇 denotes
the parent population size. To this end, two scenarios will be se-
lected in which rescaled mutations have already proven themselves:
The noisy sphere function and the highly multimodal Rastrigin
function. The progress rate of the (𝜇/𝜇𝐼 , 𝜆)-ES on the noisy sphere
was previously obtained in [1]. A progress rate analysis for the
Rastrigin function was recently conducted in [14] and [13]. The
present analysis extends this earlier research in the case of rescaled
mutations.

The remainder of this paper is organized as follows: After a brief
explanation of the ES algorithm and test functions in Section 2,
Section 3 introduces ES with rescaled mutations. Section 4 will
explore the impact of rescaled mutations on the progress rate. These
results will then be applied to the Rastrigin function in Section 4.1
and to the noisy sphere in Section 4.2. Finally, Section 5 will provide
a summary of the results and an outlook on future research.

2 Test Functions and Evolution Strategy
The Rastrigin test function 𝐹 for an 𝑁 -dimensional search vector
y = (𝑦1, . . . , 𝑦𝑁 ) is given by

𝐹R (y) =
𝑁∑︁
𝑖=1

[
𝑦2𝑖 +𝐴 (1 − cos(𝛼𝑦𝑖 ))

]
, (1)

where the parameter 𝐴 denotes the oscillation amplitude and 𝛼

denotes the frequency. Unless otherwise stated, the parameters 𝐴
and 𝛼 will have the values 𝐴 = 1 and 𝛼 = 2𝜋 in all experiments.
The global minimizer of the Rastrigin function is located at ŷ = 0.

The noisy sphere function with normally distributed noise is
given by

𝐹S (y) =
𝑁∑︁
𝑖=1

𝑦2𝑖 + 𝜎ESN(0, 1), (2)

where 𝜎ES denotes the noise strength.
The basic (𝜇/𝜇𝐼 , 𝜆)-ES investigated here consist of 𝜇 parents and

𝜆 offspring with truncation ratio 𝜗 := 𝜇/𝜆. The subscript “𝑚; 𝜆“
denotes the selection of the𝑚 = 1, . . . , 𝜇 best individuals out of 𝜆.
The control of the strength 𝜎 of the isotropic Gaussian mutations
used is done by 𝜎 self-adaptation (𝜎SA), where the offspring mu-
tation strengths are sampled from a log-normal distribution with
learning parameter 𝜏 . The standard choice of the learning parameter
is 𝜏 = 1/

√
2𝑁 , which guarantees (nearly) optimal performance on

the sphere model [9]. A smaller 𝜏 yields a slower adaptation, which
is advantageous in the case of multimodal problems as it increases
the success probability 𝑃s [18], therefore 𝜏 = 1/

√
8𝑁 will be used in

the experiments.

3 Rescaled Mutations
The basic principle of rescaled mutations is to perform large mu-
tations while avoiding traversing the entire distance to the new
parental centroid. Instead, only a part of the distance is realized.
The direction remains constant, but the step size is reduced by

Algorithm 1 The (𝜇/𝜇𝐼 , 𝜆)-𝜎SA-ES with Rescaled Mutations

1: Initialize
(
y(0) , 𝜎 (0) , 𝜎stop, 𝑔 = 0, 𝜅

)
2: repeat
3: for 𝑙 = 1 to 𝜆 do
4: 𝜎̃𝑙 = 𝜎 (𝑔)e𝜏N(0,1) ⊲ mutate parental 𝜎
5: z̃𝑙 = (N (0, 1), . . . ,N(0, 1)) ⊲ search direction
6: ỹ𝑙 = y(𝑔) + 𝜎̃𝑙 z̃𝑙 ⊲ mutate y
7: 𝐹𝑙 = 𝐹

(
ỹ𝑙

)
⊲ evaluate offspring

8: end for
9:

(
ỹ1;𝜆, . . . , ỹ𝜇;𝜆

)
← 𝑠𝑜𝑟𝑡

(
ỹ w.r.t. ascending 𝐹

)
10: x(𝑔) = 1

𝜇

∑𝜇

𝑚=1 𝜎̃𝑚;𝜆 z̃𝑚;𝜆 ⊲ recombine the 𝜇 best 𝜎̃ z̃
11: 𝑔 = 𝑔 + 1
12: y(𝑔) = y(𝑔−1) + 1

𝜅 x
(𝑔−1) ⊲ new centroid

13: 𝜎 (𝑔) = 1
𝜇

∑𝜇

𝑚=1 𝜎̃𝑚;𝜆 ⊲ recombine the 𝜇 best 𝜎̃
14: until 𝜎 (𝑔) < 𝜎stop
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the factor 1/𝜅, where 𝜅 is designated as the rescaling parameter.
In the following, the notation x is used to denote the step from
the parental centroid of generation 𝑔 to the centroid of the 𝜇 best
offspring individuals of generation 𝑔, i.e.,

x(𝑔) =
1
𝜇

𝜇∑︁
𝑚=1

ỹ𝑚;𝜆 − y(𝑔) =
1
𝜇

𝜇∑︁
𝑚=1

𝜎̃𝑚;𝜆 z̃𝑚;𝜆, (3)

where the single mutations 𝜎̃𝑙 z̃𝑙 from Line 6 in Alg. 1 were inserted.
If the step toward the new centroid is reduced by the factor 1/𝜅 the
parental centroid of the subsequent generation is

y(𝑔+1) = y(𝑔) + 1
𝜅
x(𝑔) . (4)

This results in the 𝜎SA-ES with rescaled mutations, as outlined in
Alg. 1.

The influence of the rescaling parameter 𝜅 on the performance
and success probability 𝑃s is investigated in Fig. 1 which shows the𝑅-
dynamics of the 𝜎SA-ES in the Rastrigin landscape, where 𝑅 = ∥y∥
is the residual distance to the global minimizer. For larger values
of 𝜅, the ES becomes slightly faster and the success probability
gets significantly larger. The bold white line shows the mean value
dynamics of only the successful runs. The blue line shows the
corresponding mean value of 𝜎 , and the light blue line the mean
value of the normalized mutation strength

𝜎∗ = 𝜎
𝑁

𝑅
, (5)

which is represented by the right𝑦-axis. After just a few generations
𝜎∗ has reached its steady-state value. This value depends strongly
on 𝜅 and is considerably larger the larger 𝜅 is.

The success probability 𝑃𝑠 and the number of function evalua-
tions 𝐹𝐸 for an ES with rescaled mutations and different values of
𝜅 is investigated in Fig. 2. Each data point was generated based on
1000 independent 𝜎SA-ES. The dynamics in Fig. 1 show that the
𝜎SA-ES becomes slightly faster with larger 𝜅. This observation is
consistent with the results from Fig. 2, where 𝐹𝐸 decreases slightly
with increasing 𝜅 and a fixed value of 𝜇. The figure shows that a
larger value of 𝜅 is beneficial. The number of function evaluations
to reach a 90% success rate is approximately 17 · 104 for 𝜅 = 1,
approximately 10 · 104 for 𝜅 = 2, and approximately 6 · 104 for 𝜅 = 4.

4 Progress Rate
In order to analyze the observed behavior, the standard approach
is to perform the dynamical systems approach. To this end, the
first step is to calculate the different progress rates. The expected
difference in the distance to the global optimizer from one gen-
eration 𝑔 to the subsequent generation 𝑔 + 1 defines the progress
rate. It is utilized to measure the expected positional difference in
search space and the speed of convergence. The progress rate can
be expressed as2

𝜑 := E
[
𝑅 (𝑔) − 𝑅 (𝑔+1) | y(𝑔) , 𝜎 (𝑔)

]
, (6)

where the parental centroid y(𝑔) and mutation strength 𝜎 (𝑔) from
the previous generation are fixed values.

In addition to the general progress in the search space also
the progress in one coordinate direction can be considered. The
2It is assumed, without loss of generality, that the global optimizer is ŷ = 0.
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Figure 2: Success probability (*, left 𝑦-axis) and number of
function evaluations (◦, right 𝑦-axis) of an (𝜇/𝜇𝐼 , 2𝜇)-𝜎SA-ES
with 𝜏 = 1/

√
8𝑁 and rescaling parameter 𝜅 in the Rastrigin

landscape with 𝑁 = 100.

component-wise first-order progress rate in coordinate direction 𝑖

for a given parental centroid y(𝑔) and mutation strength 𝜎 (𝑔) is
defined as

𝜑𝑖 = E
[
𝑦
(𝑔)
𝑖
− 𝑦 (𝑔+1)

𝑖
| y(𝑔) , 𝜎 (𝑔)

]
. (7)

The component-wise first-order progress rate (7) with rescaled
mutations as a function of 𝜅 is3

𝜑𝜅𝑖 := E
[
𝑦
(𝑔)
𝑖
−

(
𝑦
(𝑔)
𝑖
+ 1
𝜅
𝑥
(𝑔)
𝑖

)]
= − 1

𝜅
E

[
𝑥
(𝑔)
𝑖

]
. (8)

This implies that the component-wise first-order progress rate
scales inverse linearly with 𝜅 . Formally, it holds independent of the
underlying landscape that

𝜑𝜅𝑖 =
1
𝜅
𝜑𝑖 . (9)

This arises because 𝜅 has no influence on the selection process. The
inverse linear relationship between 𝜅 and 𝜑𝑖 will be investigated
for the Rastrigin function in Section 4.1.

In instanceswhere the 𝑖th component is negative, the component-
wise first-order progress rate yields a negative value when the
progress is positive. In instances where the parental centroid is
close to the origin, the sign of the 𝑖th component can change from
one generation to the next. In such cases, the component-wise first-
order progress rate can attain a negative value despite the distance
to the optimizer in the 𝑖th direction decreases. Therefore, this mea-
sure is not well-suited as a measure that quantifies the progress
toward the global optimizer directly. Instead the component-wise
second-order progress rate has been introduced in [5], which involves
comparing the squared coordinates. It is defined as

𝜑𝐼 𝐼𝑖 := E
[(
𝑦
(𝑔)
𝑖

)2
−

(
𝑦
(𝑔+1)
𝑖

)2]
= E

[(
𝑦
(𝑔)
𝑖

)2
−

(
𝑦
(𝑔)
𝑖
+ 𝑥 (𝑔)

𝑖

)2]
= −2𝑦 (𝑔)

𝑖
E

[
𝑥
(𝑔)
𝑖

]
− E

[(
𝑥
(𝑔)
𝑖

)2]
. (10)

3For better readability, the dependency of the expected values on y(𝑔) , 𝜎 (𝑔) is no
longer explicitly stated in the following.
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Figure 3: Decomposition of vector x into two components a
and h.

The component-wise second-order progress rate delivers always a
positive value if the distance to the optimizer in coordinate direction
𝑖 is reduced from one generation to the next. The sign of the first
expression is positive if the progress in coordinate direction 𝑖 is
positive, otherwise, the first expression is negative. This expression
will be referred to as the gain part. The second part of (10) is always
negative andwill be referred to as the loss part. According to (10), the
component-wise second-order progress rate for rescaled mutations
depending on 𝜅 is given by

𝜑
𝐼 𝐼 ,𝜅
𝑖

:= − 2
𝜅
𝑦
(𝑔)
𝑖

E
[
𝑥
(𝑔)
𝑖

]
− 1
𝜅2

E
[(
𝑥
(𝑔)
𝑖

)2]
. (11)

This indicates that the gain part of the component-wise second-
order progress rate scales inverse linearly with 𝜅 , whereas the loss
part scales inverse quadratically with 𝜅. The validity of (11) in the
Rastrigin landscape is investigated in Section 4.1.

In comparison to the component-wise progress rate, the decom-
position of the 𝑅-dependent progress rate (6), into the gain and the
loss part is less straightforward. The fundamental concept is the
decomposition of vector x into two components, as illustrated by
the blue vectors in Fig. 3. The first component, denoted by a, is
directed toward the global optimizer. The second component, des-
ignated as h, is perpendicular to a. Let 𝑎 := sign(𝑅 (𝑔) −𝑅 (𝑔+1) )∥a∥
be the signed length of a. Consequently, the progress rate can be
expressed as

𝜑 := E
[
𝑅 (𝑔) − 𝑅 (𝑔+1)

]
= E

[
𝑅 (𝑔) −

√︃(
𝑅 (𝑔) − 𝑎

)2 + ∥h∥2] . (12)

Similar to x, the vector x/𝜅 can also be decomposed into a vector a𝜅
directed towards the global optimizer and a vector h𝜅 perpendicular
to it. In this case, a and h scale also in a 1/𝜅 ratio resulting in

𝜑𝜅 := E
𝑅 (𝑔) −

√︄(
𝑅 (𝑔) − 1

𝜅
𝑎

)2
+

(
1
𝜅
∥h∥

)2 . (13)

This is visualized in Fig. 3 by the green dashed dotted lines. In (13),
it is not immediately evident how the progress can be decomposed
into its gain and loss components. This will be further investigated
for the noisy sphere in Section 4.2.

The 𝑅-dependent second-order progress rate is defined as

𝜑𝐼 𝐼𝑅 := E
[(
𝑅 (𝑔)

)2
−

(
𝑅 (𝑔+1)

)2]
. (14)

Applying the aforementioned decomposition for the rescaled case,
yields

𝜑
𝐼 𝐼 ,𝜅
𝑅

:= E
[(
𝑅 (𝑔)

)2
−

(
𝑅 (𝑔) − 1

𝜅
𝑎

)2
−

(
1
𝜅
∥h∥

)2]
(15)

= E
[
2𝑅 (𝑔)𝑎

𝜅
− 𝑎2

𝜅2
− ∥h∥

2

𝜅2

]
=

2𝑅 (𝑔)
𝜅

E [𝑎] − 1
𝜅2

E
[
𝑎2 + ∥h∥2

]
.

This indicates that the gain part is reduced linearly with 𝜅 , whereas
the loss part is reduced quadratically with 𝜅. This will be further
investigated for the Rastrigin function in Section 4.1.

4.1 The Influence of 𝜅 on the Rastrigin Progress
Rate

The component-wise first-order progress rate 𝜑𝑖 in the Rastrigin
landscape (1) has previously been derived in [14]. Assuming an
infinitely large 𝑁 and 𝜇, and a constant 𝜗 = 𝜇/𝜆, the following
asymptotic behavior holds

𝜑𝑖 ≃ 𝑐𝜗
𝜎2

𝐷𝑄

(
2𝑦𝑖 + e−

1
2 (𝛼𝜎 )

2
𝛼𝐴 sin(𝛼𝑦𝑖 )

)
, (16)

where 𝑐𝜗 is the progress coefficient, which remains constant for a
given truncation ratio and sufficiently large population size [4]4.
𝐷2
𝑄
denotes the variance of the quality gain5. In [14] it was shown

that the expected value of the quality gain can be written as

𝐸𝑄 =

𝑁∑︁
𝑖=1

[
𝜎2 +𝐴 cos (𝛼𝑦𝑖 )

(
1 − e−

1
2 (𝛼𝜎 )

2 )]
(17)

and the variance is

𝐷2
𝑄 =

𝑁∑︁
𝑖=1

[
𝐴2

2

(
1 − e−(𝛼𝜎 )

2 ) (
1 − cos (2𝛼𝑦𝑖 ) e−(𝛼𝜎 )

2 )
(18)

+ 2𝜎4 + 4𝜎2𝑦2𝑖 + 2𝐴𝛼𝜎
2e−

1
2 (𝛼𝜎 )

2 (
𝛼𝜎2 cos (𝛼𝑦𝑖 ) + 2𝑦𝑖 sin (𝛼𝑦𝑖 )

) ]
.

Combining (9) and (16) yields

𝜑𝜅𝑖 ≃ 𝑐𝜗
𝜎2

𝜅𝐷𝑄

(
2𝑦𝑖 + e−

1
2 (𝛼𝜎 )

2
𝛼𝐴 sin(𝛼𝑦𝑖 )

)
, (19)

which is represented by the dashed lines in the two left plots of Fig. 4
as a function of 𝜎∗. The theoretical values from (19) are compared
with experimental values. For y a random point on the sphere with
radius 𝑅 was chosen. The same y was used for all experiments in
the same figure.

The left plot in Fig. 4 shows the results for the (10/10𝐼 , 20)-
ES with 𝑁 = 10. For small values of 𝜎∗, the experimental values
of 𝜑𝑖 exhibits a strong agreement with its theoretical prediction.
For larger 𝜎∗ some deviations emerge, yet the general tendency is
that the theoretical and experimental values remain in agreement.
The second plot shows the results for the (100/100𝐼 , 200)-ES with
𝑁 = 100. The discrepancies between the theoretical values and their
predictions are diminished in the right plot, where the dimension
is larger. This is as expected, since (19) describes the asymptotic
behavior for 𝑁, 𝜇 →∞.
4The progress coefficient is in the range of roughly [0.8, 1.2] for 𝜗 ∈ [1/4, 1/2].
5The quality gain [3] measures the fitness change before selection and is defined by
𝑄 = 𝐹 (ỹ𝑙 ) − 𝐹 (y) , where y is the parental centroid and ỹ𝑙 is an offspring individual.
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Figure 4: Component-wise progress rate in coordinate direction 1 for the Rastrigin function at residual distance 𝑅 = 10
√
𝑁 .

Stars show experimental results obtained with one-generation experiments described in Alg. 2 with 𝑟max = 105. Dashed lines
show (19) (left plots) and (22) (right plots), respectively. From left to right: first-order, (10/10𝐼 , 20)-ES with 𝑁 = 10 and 𝑦1 = 6.20;
first-order, (100/100𝐼 , 200)-ES with 𝑁 = 100 and 𝑦1 = −5.80; second-order, (10/10𝐼 , 20)-ES with 𝑁 = 10 and 𝑦1 = −4.47; second-order,
(100/100𝐼 , 200)-ES with 𝑁 = 100 and 𝑦1 = 5.55.

In (11), the component-wise second-order progress rate was
divided into a gain and a loss part. Provided that y(𝑔) is constant
and utilizing (8), the gain part can be rewritten as

−
2𝑦 (𝑔)

𝑖

𝜅
E

[
𝑥
(𝑔)
𝑖
| y(𝑔) , 𝜎 (𝑔)

]
= 2𝑦𝑖𝜑𝜅𝑖 . (20)

It was demonstrated in [14] that in the Rastrigin landscape the
asymptotic behavior for the loss part

E
[(
𝑥
(𝑔)
𝑖

)2
| y(𝑔) , 𝜎 (𝑔)

]
≃ 𝜎2

𝜇
(21)

is valid for 𝑁, 𝜇 →∞, assuming a constant truncation ratio. Apply-
ing rescaled mutations, it can be deduced from (11) and (19) that
the component-wise second-order progress rate in the Rastrigin
landscape with rescaling parameter 𝜅 is asymptotically

𝜑
𝐼 𝐼 ,𝜅
𝑖
≃ 2𝑦𝑖𝜑𝜅𝑖 −

𝜎2

𝜅2𝜇
, (22)

Algorithm 2 One-Generation Progress Rate
1: Initialize (y, 𝜎, 𝑟 = 0, 𝑟max)
2: repeat
3: for 𝑙 = 1 to 𝜆 do
4: z̃𝑙 = (N (0, 1), . . . ,N(0, 1)) ⊲ search direction
5: ỹ𝑙 = y + 𝜎 z̃𝑙 ⊲ mutate y
6: 𝐹𝑙 = 𝐹

(
ỹ𝑙

)
⊲ evaluate offspring

7: end for
8:

(
ỹ1;𝜆, . . . , ỹ𝜇;𝜆

)
← 𝑠𝑜𝑟𝑡

(
ỹ w.r.t. ascending 𝐹

)
9: x = 1

𝜇

∑𝜇

𝑚=1 𝜎 z̃𝑚;𝜆 ⊲ recombine the 𝜇 best
10: ỹ = y + 1

𝜅 x ⊲ mutation step with reduced step size
11: 𝜑𝜅

𝑖
(𝑟 ) = 𝑦𝑖 − 𝑦𝑖

12: 𝜑
𝐼 𝐼 ,𝜅
𝑖
(𝑟 ) = (𝑦𝑖 )2 − (𝑦𝑖 )2

13: 𝜑𝜅
𝑅
(𝑟 ) = ∥y∥2 − ∥ỹ∥2 ⊲ calculate progress

14: 𝑟 = 𝑟 + 1
15: until 𝑟 ≥ 𝑟max
16: 𝜑𝜅

𝑖
=𝑚𝑒𝑎𝑛

[
𝜑𝜅
𝑖
(𝑟 )

]
17: 𝜑𝐼 𝐼 ,𝜅

𝑖
=𝑚𝑒𝑎𝑛

[
𝜑
𝐼 𝐼 ,𝜅
𝑖
(𝑟 )

]
18: 𝜑𝜅

𝑅
=𝑚𝑒𝑎𝑛

[
𝜑𝜅
𝑅
(𝑟 )

]
⊲ mean over all rounds

where 𝜑𝜅
𝑖
is given by (19). The validity of the aforementioned equa-

tion is investigated in the right plots of Fig. 4 where (22) is compared
with experimental values.

The third plot presents the outcomes for the (10/10𝐼 , 20)-ES
with 𝑁 = 10. A substantial disparity exists between the theoretical
and experimental values, which amplifies with increasing values
of 𝜎∗. The observed deviations for small 𝑁 were expected, as (22)
represents the asymptotic behavior for 𝑁, 𝜇 → ∞. As illustrated
in the right plot, which depicts the results of the (100/100𝐼 , 200)-
ES with 𝑁 = 100, the deviations between the experimental and
predicted values are significantly smaller. The general tendency is
that the theoretical and experimental values agree.

As illustrated in Fig. 4, the maximum progress decreases with
larger values of𝜅 . However, the region of𝜎∗ where positive progress
is possible is larger for larger 𝜅 . Consequently, if 𝜅 is larger, achiev-
ing positive success is possible with a larger normalized mutation
strength.

The component-wise second-order progress rate can be utilized
to derive an approximation for the 𝑅-dependent progress rate. For
the Rastrigin function, this approach was done in [13] by aggre-
gating the component-wise progress rate across all components.
Applying this to rescaled mutations, yields

𝜑
𝐼 𝐼 ,𝜅
𝑅

= E
[
𝑁∑︁
𝑖=1

(
𝑦
(𝑔)
𝑖

)2
−

𝑁∑︁
𝑖=1

(
𝑦
(𝑔)
𝑖
+ 1
𝜅
𝑥
(𝑔)
𝑖

)2]
=

𝑁∑︁
𝑖=1

E
[(
𝑦
(𝑔)
𝑖

)2
−

(
𝑦
(𝑔)
𝑖
+ 1
𝜅
𝑥
(𝑔)
𝑖

)2]
=

𝑁∑︁
𝑖=1

𝜑
𝐼 𝐼 ,𝜅
𝑖

. (23)

The variance of the quality gain (18) also depends on the single
components 𝑦𝑖 . It was shown in [13, 15] that 𝐸𝑞 and 𝐷𝑞 can be
rewritten as

𝐸𝑄 (𝑅) = 𝑁𝜎2 + 𝑁𝐴e−
1
2
(𝛼𝑅)2
𝑁

(
1 − e−

1
2 (𝛼𝜎 )

2 )
(24)(

𝐷𝑄

)2 (𝑅) = 𝑁𝐴2

2

(
1 − e−(𝛼𝜎 )

2 ) (
1 − e−𝛼

2
(
𝜎2+2𝑅2

𝑁

) )
+2𝑁𝜎4 + 4𝜎2𝑅2 + 2𝑁𝐴𝛼2𝜎2e−

𝛼2
2

(
𝜎2+𝑅2

𝑁

) (
𝜎2 + 2𝑅

2

𝑁

)
, (25)

which are expressions that only depend on 𝑅. The further deriva-
tion is contingent upon the assumption of normally distributed
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Figure 5:𝑅-dependent progress rate for theRastrigin function
at residual distance 𝑅 = 10

√
𝑁 . The theoretical equation (27)

is represented by the dashed lines, whereas the stars repre-
sent the experimental results obtained with one-generation
experiments (see Alg. 2). Left plot: (10/10𝐼 , 20)-ES with 𝑁 = 10.
Right plot: (100/100𝐼 , 200)-ES with 𝑁 = 100.

𝑦𝑖 = N(0, 𝑅2/𝑁 ). This property has already been confirmed in [17]
indicating that each component contributes approximately equally
to the residual distance 𝑅. Using this assumption, the sum of the 𝑦𝑖 -
dependent terms in (23) can be estimated by their expected values,
yielding for the sum of sine terms and 𝑁 →∞

𝑁∑︁
𝑖=1

𝑦𝑖 sin(𝛼𝑦𝑖 ) ≃ 𝛼𝑅2e−
1
2
(𝛼𝑅)2
𝑁 , (26)

as shown in [13]. Subsequent insertion of (22), (19), (25), and (26)
into (23) yields the asymptotic second-order progress rate

𝜑
𝐼 𝐼 ,𝜅
𝑅
≃

𝑁∑︁
𝑖=1

(
𝑐𝜗

𝜎2

𝜅𝐷𝑄

(
4𝑦2𝑖 + e

− 1
2 (𝛼𝜎 )

2
2𝑦𝑖𝛼𝐴 sin(𝛼𝑦𝑖 )

)
− 𝜎2

𝜅2𝜇

)
≃ 𝑐𝜗

𝜎2

𝜅𝐷𝑄 (𝑅)

(
4𝑅2 + e−

1
2 (𝛼𝜎 )

2
2𝐴𝛼2𝑅2e−

1
2
(𝛼𝑅)2
𝑁

)
− 𝜎2𝑁

𝜅2𝜇

= 𝑐𝜗
2𝑅2𝜎2
𝜅𝐷𝑄 (𝑅)

(
2 +𝐴𝛼2e−

𝛼2
2

(
𝜎2+𝑅2

𝑁

) )
− 𝜎2𝑁

𝜅2𝜇
. (27)

In Fig. 5 the theoretical predictions derived in (27) are compared
with experimental values. 105 trials were employed, each with
a new random parent located on the 𝑅-sphere. The results are
similar to that of the second-order progress rate in Fig. 4. The left
figure, where 𝑁 = 10 and 𝜇 = 10, exhibits significant deviations
between the theoretical and experimental values which increase for
larger 𝜎∗. In the right figure, with 𝑁 = 𝜇 = 100, the deviations are
much smaller. The maximal progress diminishes with increasing
𝜅. However, the range of 𝜎∗ where positive progress is feasible
expands with increasing 𝜅.

Evolution Equations for the Rastrigin Landscape. Given the initial
values 𝑅 (0) and 𝜎 (0) one can calculate the expected residual dis-
tance in the first generation. The expected position in generation 1
is

𝑅 (1) =
√︃(

𝑅 (0)
)2 − 𝜑𝐼 𝐼 ,𝜅

𝑅

(
𝑅 (0) , 𝜎 (0)

)
. (28)

To calculate subsequent steps, the expected 𝜎-change is required.
The self-adaptation response (SAR) is a measure of the relative

Figure 6: Dynamics for 100 (100/100𝐼 , 200)-𝜎SA-ES runs in the
Rastrigin landscape with 𝜏 = 1/

√
8𝑁 , 𝑁 = 100 and rescaling

parameter 𝜅. For each run, the ES was initialized randomly at
distance 𝑅 (0) = 1000 to the global optimizer. The 𝑅-dynamics
are represented by the left 𝑦-axis and the 𝜎∗-dynamics by the
right 𝑦-axis, respectively. The black lines show the median
of the experimental runs. The green lines show (31) and (32).

𝜎-change and is defined as

𝜓

(
y(𝑔) , 𝜎 (𝑔)

)
= E

[
𝜎 (𝑔+1) − 𝜎 (𝑔)

𝜎 (𝑔)
| y(𝑔) , 𝜎 (𝑔)

]
. (29)

The SAR-function remains unaffected by rescaled mutations. In
[15, (33)], an 𝑅-dependent equation for the SAR-function in the
Rastrigin landscape was derived. The SAR-function can be written
as

𝜓 (𝑅, 𝜎) ≃ 𝜏2
(
1
2 − 𝑐𝜗𝜎

𝐸′
𝑄
(𝑅)

𝐷𝑄 (𝑅)
+ 𝑒1,1

𝜗
𝜎
𝐷′
𝑄
(𝑅)

𝐷𝑄 (𝑅)

)
, (30)

where 𝐸𝑄 (𝑅) (24) is the expected quality gain, 𝐷2
𝑄
(𝑅) (25) is the

variance of the quality gain, and 𝐸′
𝑄
(𝑅), 𝐷′

𝑄
(𝑅) are the correspond-

ing derivatives w.r.t. 𝜎 . 𝑒𝑎,𝑏
𝜗

denotes the asymptotic generalized
progress coefficient [14, (45)]. When (27) and (30) are combined the
expected step from one generation to the next can be expressed by
the evolution equations

𝑅 (𝑔+1) =
√︃(

𝑅 (𝑔)
)2 − 𝜑𝐼 𝐼 ,𝜅

𝑅

(
𝑅 (𝑔) , 𝜎 (𝑔)

)
(31)

𝜎 (𝑔+1) = 𝜎 (𝑔)
(
1 +𝜓

(
𝑅 (𝑔) , 𝜎 (𝑔)

))
. (32)

The evolution equations (31) and (32) are represented in Fig. 6
by the green lines. They were compared with 100 ES runs, whose
dynamics are represented by the gray lines. The median of the
experimental runs is represented by the black line. There is a strong
agreement between the theoretical values and their predictions.
Nonetheless, substantial deviations can occur for smaller 𝑁 and 𝜇

values because (31) and (32) were derived for the asymptotic case
𝑁, 𝜇 →∞. A more thorough theoretical analysis of the evolution
equations is a matter for future research.

4.2 The Influence of 𝜅 on the Noisy Sphere
Progress Rate

Rescaled mutations have been demonstrated to reduce the steady-
state distance in noisy scenarios for the (1, 𝜆)-ES so far. In order
to demonstrate this aspect analytically for the (𝜇/𝜇𝐼 , 𝜆)-ES on the
noisy sphere (2), this section investigates the first order progress
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Figure 7: 𝑅-dependent progress rate for the noisy sphere with 𝜎ES = 1, 𝜇 = 10, and 𝜗 = 0.5 at residual distance 𝑅 =
√
𝑁 . The

theoretical equation (40) is represented by the solid lines, whereas the stars represent the experimental results obtained by
one-generation experiments using Alg. 2 with 𝑟max = 105. Black for 𝑁 = 10, green for 𝑁 = 100, and blue for 𝑁 = 1000. The black
dashed line shows the asymptotic progress rate (41).

rate. Introduce

𝜑∗ = 𝜑
𝑁

𝑅
, 𝜎∗ = 𝜎

𝑁

𝑅
, 𝜎∗ES = 𝜎ES

𝑁

2𝑅2
(33)

the normalized progress, the normalized mutation strength, and
the normalized noise strength. In [1] it was demonstrated for the
(𝜇/𝜇𝐼 , 𝜆)-ES on the noisy (quadratic) sphere model, that

E
[
𝑎 | y(𝑔) , 𝜎 (𝑔)

]
:= 𝑎 ≃

𝑐𝜇/𝜇𝐼 ,𝜆𝜎√︃
1 + 𝜂2 + (𝜎

∗ )2
2𝑁

, (34)

where 𝜂 = 𝜎∗ES/𝜎
∗ denotes the noise-to-signal ratio and the over-

line bar indicates the expected value operation. Furthermore, the
expected squared length of the vector h for the (𝜇/𝜇𝐼 , 𝜆)-ES in the
noisy sphere model was shown to be

E
[
∥h∥2

]
:= ∥h∥2 ≃ 𝜎2

𝜇

©­­«𝑁 −
𝑐𝜇/𝜇𝐼 ,𝜆𝜎

∗√︃
1 + 𝜂2 + (𝜎

∗ )2
2𝑁

ª®®¬
=
𝜎2

𝜇

(
𝑁 − 𝑁

𝑅
𝑎

)
(35)

as outlined in [1]. The application of the normalization (33) to (13)
results in the following expression for the normalized progress rate:

𝜑∗,𝜅 =
𝑁

𝑅
E

[
𝑅 −

√︂
𝑅2 − 2𝑅

𝜅
𝑎 + 1

𝜅2
𝑎2 + 1

𝜅2
∥h∥2

]
. (36)

In [1] it was assumed that the progress rate can be approximated as
the progress associated with the expected progress vector. Applying
this assumption to (36), the normalized progress can be written as

𝜑∗,𝜅 ≃ 𝑁

(
1 − 1

𝑅

√︂
𝑅2 − 2𝑅 1

𝜅
𝑎 + 1

𝜅2
𝑎2 + 1

𝜅2
∥h∥2

)
= 𝑁

(
1 −

√︄
1 − 2

𝑅𝜅
𝑎 + 1
(𝑅𝜅)2

𝑎2 + 1
(𝑅𝜅)2

∥h∥2
)
. (37)

For sufficiently large 𝑁 the length of the step a toward the global
optimizer is negligible compared to 𝑅, thus the term 𝑎2/(𝑅𝜅)2 can

be neglected. Inserting (34) and (35) into (37) implies

𝜑∗,𝜅 ≃ 𝑁

(
1 −

√︄
1 − 2

𝑅𝜅
𝑎 + 𝜎2

𝜇 (𝑅𝜅)2

(
𝑁 − 𝑁

𝑅
𝑎

))
= 𝑁

(
1 −

√︄
1 − 2

𝑅𝜅
𝑎

(
1 + 𝑁𝜎2

2𝜇𝑅2𝜅

)
+ 𝑁𝜎2

𝜇 (𝑅𝜅)2

)
(38)

= 𝑁
©­­«1 −

√√√√
1 − 2

𝑁𝜅

𝑐𝜇/𝜇𝐼 ,𝜆𝜎
∗√︃

1 + 𝜂2 + (𝜎
∗ )2

2𝑁

(
1 + (𝜎

∗)2
2𝑁𝜇𝜅

)
+ (𝜎

∗)2

𝑁𝜇𝜅2
ª®®¬ .

Substituting 𝐶 = (𝜎∗)2 /
(
𝑁𝜇𝜅2

)
yields

𝜑∗,𝜅 ≃ 𝑁
©­­«1 −

√√√√
1 +𝐶 − 2

𝑁𝜅

𝑐𝜇/𝜇𝐼 ,𝜆𝜎
∗√︃

1 + 𝜂2 + (𝜎
∗ )2

2𝑁

(
1 + 𝜅2𝐶

)ª®®¬
= 𝑁

©­­«1 −
√
1 +𝐶

√√√√
1 − 2

𝑁𝜅

𝑐𝜇/𝜇𝐼 ,𝜆𝜎
∗√︃

1 + 𝜂2 + (𝜎
∗ )2

2𝑁

1 + 𝜅
2𝐶

1 +𝐶
ª®®¬ . (39)

Applying the Taylor approximation
√
1 + 2𝑥 ≈ 1 + 𝑥 for 𝑥 ≈ 0 to

the second square root results in

𝜑∗,𝜅 ≃ 𝑁
©­­«1 −
√
1 +𝐶

©­­«1 −
𝑐𝜇/𝜇𝐼 ,𝜆𝜎

∗

𝑁𝜅

√︃
1 + 𝜂2 + (𝜎

∗ )2
2𝑁

1 + 𝜅
2𝐶

1 +𝐶
ª®®¬
ª®®¬

= 𝑁
√
1 +𝐶

𝑐𝜇/𝜇𝐼 ,𝜆𝜎
∗

𝑁𝜅

√︃
1 + 𝜂2 + (𝜎

∗ )2
2𝑁

1 + 𝜅
2𝐶

1 +𝐶 − 𝑁
(√

1 +𝐶 − 1
)

≃
𝑐𝜇/𝜇𝐼 ,𝜆𝜎

∗

𝜅

√︃
1 + 𝜂2 + (𝜎

∗ )2
2𝑁

1 + 𝜅
2𝐶√

1 +𝐶
− 𝑁

(
1 + 𝐶2 − 1

)
, (40)

where the Taylor approximation was applied to the second expres-
sion in the last step. In the limit as 𝑁 → ∞ it holds that 𝐶 → 0.
Consequently, the asymptotic normalized progress rate for the
(𝜇/𝜇𝐼 , 𝜆)-ES in the noisy sphere landscape is

𝜑∗,𝜅 ≃
𝑐𝜇/𝜇𝐼 ,𝜆𝜎

∗

𝜅
√︁
1 + 𝜂2

− (𝜎
∗)2

2𝜇𝜅2
. (41)
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Figure 8: Left plot: 𝑅-dynamics on the noisy sphere for the
(10/10, 20)-𝜎SA-ES with 𝜏 = 1/

√
2𝑁 , 𝜎ES = 1, and 𝑁 = 100.

Purple lines use 𝜅 = 1, blue lines 𝜅 = 2, and green lines 𝜅 = 4,
respectively. Black dashed line show (45) (from top to bottom
for 𝜅 = 1, 2, 4). Right plot: 𝑅st depending on 𝜅. Solid lines
show (45) (green for 𝑁 = 10 and black for 𝑁 = 100), stars in
corresponding color show the experimental values.

The gain part is reduced linearly with 𝜅, whereas the loss part is
reduced quadratically with 𝜅.

In Fig. 7 the theoretical normalized progress rate (41) is compared
with experimental values. The results are displayed as a function
of the normalized mutation strength. For 𝑁 = 10 there are clear de-
viations between (40) and the experimental results. As 𝑁 increases,
the discrepancy between the predictions (40) and the experimen-
tal values decreases. The figure shows that the range of 𝜎∗ for
which positive progress is possible increases with 𝜅. Conversely,
the maximal progress is larger for smaller 𝜅 . This effect gets smaller
with increasing 𝑁 . For the asymptotic case, the maximum progress
appears independent of 𝜅.

In the presence of a constant noise variance an ES reaches a
global or local optimum only up to a steady-state distance 𝑅st. If
this distance is reached, the expected progress is zero. Zeroing the
normalized progress rate of the noisy sphere model (41) results in

𝜑∗,𝜅 = 0⇔ 2𝜅𝜇𝑐𝜇/𝜇𝐼 ,𝜆 =

√︂
(𝜎∗)2 +

(
𝜎∗ES

)2
. (42)

Inserting the normalization (33) yields

2𝜅𝜇𝑐𝜇/𝜇𝐼 ,𝜆 =

√︂
𝜎2

𝑁 2

𝑅2
+ 𝜎2ES

𝑁 2

4𝑅4
, (43)

which necessarily implies

2𝜅𝜇𝑐𝜇/𝜇𝐼 ,𝜆 ≥
√︂
𝜎2ES

𝑁 2

4𝑅4
= 𝜎ES

𝑁

2𝑅2
⇔ 𝑅2 ≥ 𝜎ES𝑁

4𝜅𝜇𝑐𝜇/𝜇𝐼 ,𝜆
, (44)

yielding for the steady-state

𝑅st :=
√︄

𝜎ES𝑁
4𝜅𝜇𝑐𝜇/𝜇𝐼 ,𝜆

(45)

for the quadratic sphere provided that 𝜎 → 0. That is, if 𝜎 is suffi-
ciently small the parental centroid y approaches the expected dis-
tance 𝑅st to the global optimizer when the steady-state is reached.

The left plot of Fig. 8 shows the 𝑅-dynamics of 𝜎SA-ES runs
on the noisy sphere with rescaled mutations. The experimental
results demonstrate that the steady-state distance decreases with

increasing𝜅 . The black dashed lines represent the theoretical predic-
tion (45). The prediction and experimental values exhibit a strong
agreement.

In the right plot of Fig. 8 𝑅st is represented as a function of 𝜅.
For each data point 100 ES runs on the noisy sphere model were
executed. The experimental value of 𝑅st was calculated as the mean
value of 𝑅 over all generations starting from a generation where
the steady-state was already reached. Subsequently, the mean value
was calculated over the total of 100 runs. For all values of 𝜅 the
experimental values align closely with the predictions from (45).

5 Summary and Conclusion
Rescaled mutations aim to maintain a large mutation strength while
reducing the step toward the new parental centroid by a factor
1/𝜅. This work analyzed the effect of rescaled mutations on the
progress rate of evolution strategies in noisy and highly multimodal
scenarios.

The component-wise second-order progress rate was determined
as a function of the rescaling parameter 𝜅. The result was that the
gain part scales inverse linearly whereas the loss part scales inverse
quadratically with 𝜅. The same result was also obtained for the
𝑅-dependent second-order progress rate. These findings, which are
independent of the underlying fitness landscape, were applied to
the progress rate of the Rastrigin function for 𝑁 →∞. The results
were confirmed by one-generation experiments.

The 𝑅-dependent first-order progress rate was derived for the
(𝜇/𝜇𝐼 , 𝜆)-𝜎SA-ES on the noisy sphere model with the result that
the gain part scales inverse linearly and the loss part scales inverse
quadratically with𝜅 . This implies that with increasing𝜅 the interval
for the normalized noise strength, for which positive progress is
possible, gets larger. On the other hand, the maximum progress
gets smaller. In the limit 𝑁 →∞, the second effect diminishes. By
using the progress rate of the noise sphere the expected steady-state
distance to the global optimizer was calculated with the result that
the steady-state distance decreases with the square root of 𝜅.

With the steady-state distance a population sizing equation can
be derived that describes the scaling behavior for the population
size of an ES required to achieve a positive outcome in the Rastrigin
landscape, depending on the dimension and rescaling parameter.
This will be the topic of a subsequent paper.

For the (𝜇/𝜇𝐼 , 𝜆)-𝜎SA-ES, increasing 𝜅 requires an adjustment
of the learning parameter 𝜏 to maintain stable behavior, a topic that
will be addressed in a forthcoming paper.

Throughout the analysis, it was assumed that 𝜅 is constant. An
adaptation of 𝜅 to the current phase of the search process can
enhance efficiency. This has already been confirmed in experiments.
A detailed analysis of this, employing the progress rates derived in
this paper, is a subject for further consideration in future research.

Although rescaled mutations have demonstrated promising per-
formance in many multimodal and noisy settings, it is unclear
whether they consistently offer advantages across all problem
classes, which is also a topic for future research.
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