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Abstract—The mutation strength (σ) adaptation of a multi-
recombinative self-adapting Evolution Strategy is investigated
on the Rastrigin test function by theoretical and experimental
means. Sampling σ from a log-normal distribution reveals the
occurrence of an undesired steady-state under high multimodal-
ity, which halts the σ-adaptation and prevents convergence. It is
shown that an inherent bias is the reason for this steady-state
when sampling log-normal mutations. Therefore, sampling from
a normal distribution is introduced as an alternative. Normal
sampling does not exhibit the steady-state behavior and it is
more stable optimizing functions under high multimodality.

Index Terms—Evolution Strategy, Rastrigin Function, Self-
Adaptation, Multimodality

I. INTRODUCTION

Evolution Strategies (ES) have shown to be successful in op-
timizing highly multimodal test functions with adequate global
structure, if suitable strategy parameters are chosen [1]. For the
optimization under high multimodality, e.g., on the Rastrigin
function, well-adjusted adaptation of the mutation strength σ
is crucial to find the global optimum with high probability
without getting trapped in a local minimum [2], [3]. State-of-
the-art mutation adaptation schemes are self-adaptation (SA)
[4]–[6], and cumulative step-size adaptation (CSA) [7]–[9].
CSA controls σ by evaluating the path-length of selected
mutation vectors over many generations and comparing it
to expected results under random selection. Self-adaptation
uses individual sampling of mutation strengths and implicit
selection of suitable σ-values based on information of the
current generation.

Under self-adaptation each offspring is sampling (denoted
by ˜) its mutation strength as σ̃ = σξ, where σ is the parental
mutation strength and ξ a random variable. ξ can be chosen
to attain values from a continuous distribution (two cases
considered in this paper) or to establish a discrete operator
(see [4], [6]). Sampling from a log-normal distribution was
introduced in [5] and can be regarded as the default choice
for self-adaptation. The alternative of sampling from a normal
distribution was discussed in [6], but not further analyzed.

Two basic properties can be identified by evaluating
median[ξ] and E[ξ]. The property median[ξ] = 1 ensures
sampling larger and smaller values with equal probabilities
Pr{ξ ≤ 1} = Pr{ξ ≥ 1}. This ensures a symmetric sampling
process, which is desired. Additionally, in order to have
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unbiased sampling, the second property E[ξ] = 1 is required.
As explained in Sec. II, the log-normal operator introduces
a bias due to E[ξ] > 1. This bias is usually regarded as
beneficial since it increases the search steps in flat or noisy
fitness landscapes [10], thus allowing to leave non-promising
regions quickly in contrast to the CSA-ES that may exhibit
problems [11]. However, this bias has also a downside, which
is being reported here for the first time. It prevents the ES
from being convergent in the limit of high multimodality on
the Rastrigin function, resulting in a steady-state behavior.
This observation motivates the investigation of the unbiased
normal operator. The performance of both operators is studied
in more detail throughout the paper. To this end, the Rastrigin
function and noisy sphere will be considered. The reason for
choosing these two functions for the subsequent analysis is
that theoretical results can be used to explain the behavior
observed in experiments.

For an N -dimensional search vector y = [y1, ..., yN ] the
Rastrigin test function (ras) is defined in terms of oscillation
strength A and frequency α as

fras(y) :=

N∑
i=1

[
y2i +A(1− cos(αyi))

]
. (1)

Self-adaptation using log-normal mutations on fras was investi-
gated in [2], [3], [12]. However, these studies have not detected
the steady-state since comparably small A- and α-values were
chosen. The noisy sphere (ns) subjected to constant normally
distributed noise with variance σ2

ϵ is defined as

fns(y) :=

N∑
i=1

y2i +N (0, σ2
ϵ ). (2)

As will be shown later, for sufficiently large α, the ES will
share similar properties regarding the self-adaptation on fras
and fns.

As the performance measure of global progress we use
the residual distance R :=

√∑
i y

2
i . Furthermore, the sphere

normalization σ∗ = σN/R (the asterisk ∗ denoting normalized
quantities) of the mutation strength σ will be needed later.
The rescaling of σ by its residual distance R ensures scale-
invariance on the sphere and will be useful later.

Figure 1 shows an introductory example illustrating the
problem of undesired steady-state behavior. Figure 1a dis-
plays the σ-self-adaptive (σSA-)ES using (default) log-normal
mutations, while Fig. 1b shows the CSA-ES (see e.g. [9,



(a) σSA-ES with log-normal mutations using τ = 1/
√
2N .

(b) CSA-ES with cumulation constant c = 1/
√
N and damping

parameter D =
√
N .

Fig. 1: Dynamics over generation g of (1000/1000I , 2000)-ES
using two σ-adaptation methods (a) and (b). The left column
shows Rastrigin (1) with N = 20, A = 20, α = 2π. The right
column shows the noisy sphere (2) with N = 20 and σ2

ϵ =
4000. The black line shows the R-dynamics, the red dashed
line the σ-dynamics. The runs are initialized at y(0) = 100 ·1
with σ(0) = 1000.

p. 12]) as a first comparison. After the initialization phase
has passed, the σSA-ES on the Rastrigin function (left) shows
a constant σ-level, which leads to a constant residual distance
in expectation (fluctuations can be observed). This occurs over
a very large number of generations (see generation counter)
and the ES does not converge locally. The CSA-ES on the
other hand (Fig. 1b left) solves the Rastrigin problem easily,
which indicates an issue of the standard σSA-ES.

The observed steady-state very much resembles the steady-
state on the noisy sphere (2) (see Fig. 1a right). Choosing
a large noise variance σ2

ϵ (details discussed below (32)), the
dynamics of Rastrigin and the noisy sphere are practically the
same showing a steady residual distance R ≈ 0.5. The CSA-
ES (Fig. 1b right) also fluctuates at R ≈ 0.5, but one observes
a continuous σ-decrease over many generations. The similar
behavior of the ES on Rastrigin and the noisy sphere will be
discussed later again.

The remainder of the paper is structured as follows. In
Sec. II the log-normal and normal operators are introduced and
their differences are discussed. The undesired steady-state is
investigated for both operators by theoretical and experimental
means in Secs. III and IV, respectively. Additional studies
regarding the stability of the adaptation are done in Sec. IV.
Finally, conclusions are drawn in Sec. V.

II. NORMAL OPERATOR FOR SELF-ADAPTATION

The multi-recombinative ES, see Algorithm 1, consists of
µ parents and λ offspring (truncation ratio ϑ := µ/λ). The
σSA-ES samples mutation strengths independently for each

Algorithm 1 (µ/µI , λ)-σSA-ES with (log-)normal operator

1: g ← 0
2: initialize

(
y(0), σ(0), τ)

3: repeat
4: for l = 1, ..., λ do

5: σ̃l ←

{
σSAL : σ(g)eτNl(0,1)

σSAN : σ(g)(1 + τNl(0, 1))

6: ỹl ← y(g) + σ̃lNl(0,1)
7: f̃l ← f(ỹl)
8: end for
9: (f̃1;λ, ..., f̃m;λ, ..., f̃µ;λ)← sort(f̃1, ..., f̃λ)

10: y(g+1) ← 1
µ

∑µ
m=1 ỹm;λ

11: σ(g+1) ← 1
µ

∑µ
m=1 σ̃m;λ

12: g ← g + 1
13: until termination criterion

offspring, see Alg. 1 (Line 5). The sampling is parameterized
using learning parameter τ (default value on the sphere was
derived in [13] as τ = 1/

√
2N ). The sampled σ-values are

then used to generate isotropic mutations. Selection of the m =
1, ..., µ best individuals (denoted by subscript “m;λ”) is based
on their respective fitness values, which were attained using
the sampled mutation strength. The selection of individuals
therefore implicitly selects suitable mutation strengths.

A standard self-adaptive ES samples log-normally dis-
tributed (subscript L) σ-values [5], [6] according to

σ̃L = σeτN (0,1). (3)

Note that σ̃L > 0 is satisfied by definition. The variate ξ =
eτN (0,1) is log-normally distributed with median[ξ] = 1 and
E [ξ] = e

τ2

2 . The expected value of (3) yields simply

E [σ̃L] = σeτ
2/2. (4)

As will be shown later, the characteristic bias of the log-
normal distribution, i.e., E [σ̃L] > σ, will enable a steady-state
behavior.

Instead of sampling log-normally distributed values, one can
introduce a normal (subscript N ) sampling scheme as

σ̃N = σ(1 + τN (0, 1)). (5)

It was originally introduced in the context of evolutionary
programming in [14] and referred to as the Meta-EP-operator.
In [6] it is discussed in the context of self-adaptation for
ES as an alternative to log-normal mutations. The operator
ξ = 1 + τN (0, 1) yields median[ξ] = 1 and E [ξ] = 1, such
that one has

E [σ̃N ] = σ, (6)

which yields no bias (in contrast to (4)). Equation (5) can
be obtained from (3) using Taylor-expansion and neglecting
O(τ2), which suggests similar adaptation characteristics for
small τ . However, sampling (3) will show a different steady-
state behavior compared to (5). Furthermore, it should be noted
that (5) may yield negative samples for the mutation strength.



Fig. 2: The R(g)-dynamics is shown for 100 individual trials
(left: σSAL, right: σSAN ) on Rastrigin A = 20, α = 2π,
N = 20, (1000/1000I , 2000)-ES with τ = 1/

√
2N . They are

initialized at y(0) = 100 · 1 with σ(0) = 1000. Each run is
colored differently for better visibility.

This does not pose an issue from an algorithmic perspective,
as ±σN (0, 1) yields the same distribution.

The self-adaptive ES using log-normal sampling will be
denoted as σSAL, while the ES using normal sampling will
be abbreviated as σSAN .

In Fig. 2 a first evaluation of both σSAL and σSAN on the
same configuration as in Fig. 1 is done. To this end, repeated
evaluations of Alg. 1 are performed and the residual distance
dynamics R(g) is displayed for a convergence analysis. All
runs of σSAL (left) are trapped in the steady-state, while all
runs of σSAN are converging globally. One would expect
that the steady-state of σSAL could be avoided, if a larger
µ or smaller learning parameter τ are chosen facilitating
a more robust search. However, this is not the case and
will be analyzed later. Figure 2 is a first example showing
that the normal operator does remove the undesired steady-
state. However, an open question is what the strategy and
fitness parameter dependencies are, such that the steady-state
is observed (or not). To this end, a few theoretical results
will be stated in Sec. III. Then, in Sec. III-C, a more detailed
comparison between σSAL and σSAN will be given.

III. THEORETICAL MODEL OF THE STEADY STATE

The steady-state is characterized by vanishing progress of
the ES (on average, see R-dynamics in Fig. 1a) and by a
halting σ-adaptation (see constant σ-level in Fig. 1a). The
theoretical analysis of the steady-state requires evaluating the
R-dependent progress rate and self-adaptation response of the
σ-adaptation. The second order progress rate φII

R is defined as

φII
R := E

[
(R(g))2 − (R(g+1))2

∣∣R(g), σ(g)
]
. (7)

The self-adaptation response (SAR) function is defined as the
expected value over the relative σ-change

ψ := E
[
(σ(g+1) − σ(g))/σ(g)

∣∣R(g), σ(g)
]
. (8)

For the steady-state the following conditions hold (no R-
progress and σ-change in expectation)

Steady State: φII
R = 0 and ψ = 0. (9)

Quantities (7) and (8) were already derived for the Rastrigin
function in [12] and [3], respectively. φII

R was derived for slow
self-adaptation in the limit τ → 0 (necessary condition to
obtain a closed-form solution) and contains no τ -dependence.
ψ was derived as a function of τ using the log-normal operator.
In Sec. III-B the derivation of ψ is modified to account for the
normal operator. First, all relevant quantities for the theoretical
analysis will be introduced. Finally, the steady-state (9) will
be evaluated.

A. Progress Rate and Quality Gain
The progress rate measures the (expected) search space

progress on Rastrigin and was derived in [12]. After normal-
ization (φII,∗

R = φII
RN/2R

2), the Rastrigin progress rate yields
in terms of functions g and h (see [12, (B.5)])

φII,∗
R =

cϑσ
∗(1 + g)√

1 + σ∗2

2N + h
− σ∗2

2µ
. (10)

Progress coefficient cϑ is given in (21). The parameters g and
h in (10), respectively, are defined as

g :=
α2A

2
e
− (αR)2

2

(
σ∗2
N2 + 1

N

)
(11)

h :=
N2

4R4σ∗2

×

{
NA2

2

[
1− e−(

αRσ∗
N )

2] [
1− e

−(αR)2
[
(σ∗

N )
2
+ 2

N

]]

+ 2NAα2R4

(
σ∗

N

)2
[(

σ∗

N

)2

+
2

N

]
e
− (αR)2

2

[
(σ∗

N )
2
+ 1

N

]}
.

(12)

For g=h=0, (10) yields the well-known sphere progress rate
with gain term cϑσ

∗/
√

1 + σ∗2/2N and loss term −σ∗2/2µ
due to unsuccessful mutations, see [12, (39)]. On Rastrigin
g, h > 0 yield correction terms accounting for local attraction.

The derivation of progress rate (10) requires the evaluation
of the quality gain Q due to random mutation x ∼ σN (0,1)

Q := f(y + x)− f(y). (13)

The normal approximation is used as a probabilistic model of
the quality gain distribution function PQ [15]

PQ(q) = Φ

(
q − E [Q]√
Var [Q]

)
, (14)

with Φ denoting the normal distribution function. The expected
value EQ := E [Q] of the quality gain is given in [16, (1.74)]

EQ = Nσ2 +NAe−
1
2

(αR)2

N

(
1− e−

(ασ)2

2

)
. (15)

The variance D2
Q := Var [Q] was derived in [12, (36)]

D2
Q = 4R2σ2 + 2Nσ4+

+
NA2

2

(
1− e−(ασ)2

)(
1− e

−α2
(
σ2+2R2

N

))
+ 2NAα2σ2e

−α2

2

(
σ2+R2

N

)(
σ2 + 2

R2

N

)
. (16)



Note that both EQ and D2
Q will reappear during the derivation

of ψ. Now variance (16) is rearranged using scale-invariant
mutations σ = σ∗R/N in terms of h from (12)

D2
Q = 4R4 (σ∗/N)

2 [
1 + σ∗2/2N + h

]
, (17)

where h contains Rastrigin-specific terms. This will be useful
later.

B. Self-Adaptation Response

The self-adaptation response (SAR) function is defined as
the expected value over the relative σ-change, see (8). In [3]
it was derived for τ → 0 and µ → ∞ (constant µ/λ) using
mutation strength density pσ as

ψ ≃ 1

ϑ

∫ su

sl

(
s− σ
σ

)
pσ(s)

× Φ

(
EQ(σ) +DQ(σ)Φ

−1
ϑ − EQ(s)

DQ(s)

)
ds . (18)

Note that pσ is the density of either log-normally or normally
distributed mutations with s ∈ (0,∞) or s ∈ (−∞,∞),
respectively. The abbreviation Φ−1

ϑ := Φ−1(ϑ) is used with
Φ−1 denoting the quantile function of the normal distribution.
To provide closed-form solutions of (18) Φ(s, σ) is Taylor-
expanded in terms of factor ∆k

s := (s−σ)k/σk and truncated
for small ∆s by assuming τ → 0. Abbreviating Φ

(k)
σ :=

∂kΦ
/
∂sk |s=σ one expands (18)

ψ =
1

ϑ

∫ su

sl

∆spσ(s)

∞∑
k=0

σk

k!

∂kΦ

∂sk

∣∣∣∣∣
s=σ

∆k
s ds

=
1

ϑ

∫ su

sl

pσ(s)
[
Φ(0)

σ ∆s + σΦ(1)
σ ∆2

s +O
(
∆3

s

)]
ds

≃ 1

ϑ

[
Φ(0)

σ E [∆s] + σΦ(1)
σ E

[
∆2

s

]
+O

(
∆3

s

)]
.

(19)

The derivatives Φ
(k)
σ yield (prime ′ denotes ∂(.)

∂s |s=σ)

Φ(0)
σ = ϑ, Φ(1)

σ = −e−
1
2 [Φ

−1
ϑ ]2

√
2π

E′
Q(σ) + Φ−1

ϑ D′
Q(σ)

DQ(σ)
. (20)

Given (20), one can identify asymptotic progress coefficients
cϑ and e1,1ϑ [15] as

cϑ =
e−

1
2 [Φ

−1
ϑ ]2

√
2πϑ

, e1,1ϑ = −
Φ−1

ϑ e−
1
2 [Φ

−1
ϑ ]2

√
2πϑ

. (21)

Finally, the expected values in (19) using log-normal mutations
(3) yield E [∆s] = τ2/2+O

(
τ4
)

and E
[
∆2

s

]
= τ2+O

(
τ4
)
,

see also [3]. For normal mutations (5) one has E [∆s] = 0 and
E
[
∆2

s

]
= τ2. The SAR functions therefore yield

σSAL : ψL ≃ τ2
(
1

2
− cϑσ

E′
Q

DQ
+ e1,1ϑ σ

D′
Q

DQ

)
(22)

σSAN : ψN ≃ τ2σ
(
−cϑ

E′
Q

DQ
+ e1,1ϑ

D′
Q

DQ

)
. (23)

The term 1/2 introduces a constant bias using σSAL, which
does not exists for σSAN . This term will provide steady-state
solutions for the σSAL.

Note that the subsequent analysis will be done for ϑ =
µ/λ = 1/2, which yields e1,1ϑ = 0 (Φ−1

ϑ = 0). This
simplification is necessary to provide a closed-form solution
for the steady-state. For better readability the expressions for
E′

Q and DQ are not inserted into (22) and (23). The derivative
∂EQ

∂σ of (15) yields (setting σ = σ∗R/N )

E′
Q = 2Nσ + α2ANσe

−α2

2

(
σ2+R2

N

)

= 2σ∗R

(
1 +

α2A

2
e
−α2R2

2

(
σ∗2
N2 + 1

N

))
= 2σ∗R(1 + g),

(24)

applying definition (11) to obtain the last line. DQ is already
given in (17).

C. Steady State Analysis

Based on the results of the progress rate (10) and self-
adaptation responses (22) and (23), the steady-state condition
(9) on Rastrigin is investigated. Demanding vanishing (nor-
malized) progress φII,∗

R = 0 in (10), one has

cϑσ
∗(1 + g)√

1 + σ∗2/2N + h
=
σ∗2

2µ
. (25)

Demanding ψ = 0 in (22) and (23) (using (17), (24), e1,1ϑ = 0,
σ = σ∗R/N ) yields for the σSAL and σSAN

σSAL :
1

2
=

cϑσ
∗(1 + g)√

1 + σ∗2/2N + h
, (26)

σSAN : 0 =
cϑσ

∗(1 + g)√
1 + σ∗2/2N + h

. (27)

Note that on Rastrigin one has g > 0 and h > 0. Equation (26)
will in general have a solution satisfying ψ = 0 for σ∗ > 0
(see visualization of ψ = 0 in Fig. 3a). On the other hand, (27)
only vanishes if σ∗ = 0. For any mutation strength σ∗ > 0 no
solution exists and ψ < 0, i.e., there is no steady-state of the
σ-adaptation.

For vanishing progress (25) can be inserted into (26) giving
the steady-state conditions (σ∗ = σ∗

ss)

σSAL :
1

2
=
σ∗2
ss

2µ
⇐⇒ σ∗

ss,L =
√
µ (28)

σSAN : 0 =
σ∗2
ss

2µ
⇐⇒ σ∗

ss,N = 0. (29)

Result (28) is not new and was already derived in [13] for the
noisy sphere (2). However, its occurrence on multimodal func-
tions is new and surprising. This relation is investigated further
in Sec. III-D. Note that the steady-state occurs independent of
the choice of τ .

The obtained results will now be illustrated for different
configurations of the Rastrigin function. As stagnation of the
R- and σ∗-dynamics occurs, results of Alg. 1 will be displayed
as function of R(σ∗) (with generations g implicitly given). To
this end, the median over 100 trials is taken as an aggregated
measure instead of showing individual runs. Then, the results
are overlaid with φII,∗

R (σ∗, R) and ψ(σ∗, R), which predict



(a) σSAL showing steady-state.

0
(b) σSAN showing no steady-state.

Fig. 3: Dynamics of (1000/1000I , 2000)-ES on Rastrigin N =
20, A = 5, with varying α (left: α = 2π) and (right: α = 10π).
The bold black curve shows the median dynamics of Alg. 1
over 100 trials. φII,∗

R = 0 from (25) is shown as bold cyan,
and ψ = 0 from (26) and (27) as bold dash-dotted magenta.
The dotted blue line marks σ∗ =

√
µ from (28) and the dashed

red line R = R∞ from (34).

progress rate and SAR as expected values at each given
(σ∗, R). At the stagnation point φII,∗

R = 0 and ψ = 0 are
expected to occur.

Figure 3 shows an exemplary σ∗-R-landscape. The gray
background indicates the progress rate φII,∗

R (large values are
white, small (negative) values are black). The bold black
curve shows the median σ∗-R-dynamics over all trials. The
ES moves from top to bottom (minimizing R with positive
progress rate) achieving a constant scale-invariant σ∗-level,
where the Rastrigin function is virtually the sphere. A char-
acteristic σ∗-decrease occurs when local attraction starts to
dominate. For R small enough the ES reaches the global
attractor increasing σ∗ again optimizing a quadratic function.

In Fig. 3a (left) at small α, there is no steady-state of the
σSAL. The problem is “simple enough” for the ES to achieve
positive progress without reaching the ψ = 0 boundary.
At larger α (right) the effect of local attractors increases
significantly. The boundary φII,∗

R = 0 now reaches smaller
σ∗-values, which can be attributed to local attraction enforcing
smaller mutations strengths. Additionally, the boundary ψ = 0
degenerates occurring over a large range of σ∗-values. At the
steady-state one has φII,∗

R = 0 and ψ = 0 with σ∗ ≈ √µ from
(28). The median of Alg. 1 agrees well with the prediction.
Even though local attraction is present (at high frequency), the
σSAL is not converging locally.

Figure 3b shows the same experiment using σSAN . As
expected, there is no steady-state independent of the choice

of α. Instead, at R ≈ R∞ (residual distance under constant
noise, see (34)), the ES reduces its σ∗-level continuously until
it gets trapped in a local attractor (Fig. 3b, right). This is in
contrast to Fig. 3a (right), where the σSAL gets trapped in the
steady-state at R ≈ R∞ and σ∗ ≈ √µ.

For Rastrigin, depending on α and A, the progress rate may
(or may not) become zero satisfying (25). An exact solution of
(25) is not possible due to the non-linearity of the underlying
terms (a first attempt in approximating the smallest σ∗ having
zero progress is given in [3]). The same holds for ψ in (26)
or (27). One can therefore not predict at which parameter
configuration of N , α, and A the steady-state of the σSAL

will occur. However, in the limit of α → ∞ the occurrence
can be guaranteed. To understand this, an important connection
of the Rastrigin function to the noisy sphere is made in the
next section.

D. Steady State of the Noisy Sphere (or Rastrigin α→∞)

The (normalized) progress rate of the noisy sphere (2) is
given by [17]

φ∗ =
cµ/µ,λσ

∗(1 + σ∗2/(2µN))√
1 + σ∗2

µN

√
1 + σ∗2

2N + ϑ2ϵ

−N

(√
1 +

σ∗2

µN
− 1

)
,

(30)

with progress coefficient cµ/µ,λ, see [6, p. 216], noise-to-signal
ratio ϑ2ϵ = (σϵN/2R

2)2/σ∗2. For large µN ≫ σ∗2 Taylor
expansion

√
1 + σ∗2/µN = 1 + σ∗2/2µN + O((σ∗2/µN)2)

yields the simplified formula for constant noise strength σϵ

φ∗ =
cµ/µ,λσ

∗√
1 + σ∗2

2N +
N2σ2

ϵ

4R4σ∗2

− σ∗2

2µ
. (31)

Note that for σϵ = 0 one obtains the regular progress rate of
the sphere. Now some relations between (31) and the Rastrigin
progress rate (10) are established based on parameters g (11)
and h (12). For moderately large µ, i.e., µ ⪆ 50, one has
cµ/µ,λ ≃ cϑ and the progress coefficient can be replaced by
its asymptotic form being a function of ϑ = µ/λ. Furthermore,
applying the limit α→∞ to g and h yields

lim
α→∞

g = 0

lim
α→∞

h =
N2

4R4σ∗2
NA2

2
=:

N2σ2
ras

4R4σ∗2 ,
(32)

with Rastrigin noise variance

σ2
ras := NA2/2. (33)

Inserting the limits (32) into (10), the Rastrigin progress
rate approaches the noisy sphere progress rate (31) with
corresponding noise strength σϵ = σras (example shown in
Fig. 1). The limit makes intuitively sense, as for infinitely large
frequency the multimodality degenerates to the case of having
constant noise variance. This relation is useful as results from
noisy sphere theory are applicable.



The zero-progress condition (25) yields for σ∗ → 0 [12,
(B.11), (B.12)] the residual distance under constant noise

φII,∗
R = 0 : R∞ =

√
σrasN/4cϑµ. (34)

Note that (34) is valid for both σSAL and σSAN (see Fig. 3),
as it is derived from progress rate results independent of the
self-adaptation response. For the σSAL ψ = 0 occurs for σ∗ >
0 via (28). Using σ∗

ss =
√
µ with σss = σ∗

ssR∞/N one obtains

ψL = 0 : σss =
√
σras/4cϑN. (35)

The derived stationary σ-level could also be observed in
Fig. 1a being σss ≈ 1. Result (35) will be useful in Sec. III-E
to detect the steady-state.

As already mentioned, one cannot actually predict for Rast-
rigin at which α and A the steady-state occurs using the σSAL.
However, it was shown theoretically that it exists at sufficiently
high multimodality (see also experiments in Fig. 4). In this
limit the σ-adaptation on Rastrigin behaves as for the sphere
under constant noise. The σSAL is forced into a steady-state,
while the σSAN decreases σ continuously

R = R∞ : ψN < 0 for σ∗ > 0. (36)

Relation (36) is shown now by inserting E′
Q and DQ into

(23). The quality gain of the noisy sphere (2) is given by
Q =

∑
i(2yixi + x2i ) + σϵN (0, 1) [18, (29)]. Expected value

E [Q] and its derivative yield (σ = σ∗R/N is applied)

E [Q] = EQ = Nσ2, E′
Q = 2Nσ = 2σ∗R. (37)

For the variance one has Var [Q] =
∑

i Var
[
2yixi + x2i

]
+

Var
[
N (0, σ2

ϵ )
]
=
∑

i(4y
2
i σ

2 + 2σ4) + σ2
ϵ , see [18, (31)],

such that with R2 =
∑

i y
2
i one gets

Var [Q] = D2
Q = 4R2σ2 + 2Nσ4 + σ2

ϵ

= 4R4

(
σ∗

N

)2 [
1 +

σ∗2

2N
+

N2σ2
ϵ

4R4σ∗2

]
.

(38)

Inserting (37) and (38) into (23) yields

ψN = −τ2cϑσ∗
/√

1 +
σ∗2

2N
+

N2σ2
ϵ

4R4σ∗2 .
(39)

On the noisy sphere the ES approaches the minimal residual
distance R∞, see (34). As ψN < 0 in (39) and R is constant
(in expectation), one observes a decrease of σ and σ∗ at
R = R∞. This behavior guarantees local convergence on the
Rastrigin function even in the limit of α → ∞ without the
occurrence of a steady-state. Note that the CSA has shown a
similar σ-decrease in Fig. 1b (right).

E. Experimental Investigation

In this section a series of experiments is conducted. The
theoretical predictions indicate that the steady-state will occur
for the σSAL (for sufficiently large α), but not for the
σSAN . To investigate the parameter dependency A and α
will be varied for two configurations of N and population
size parameters. The learning parameter is kept at default
τ = 1/

√
2N . All runs will be initialized outside the local

Fig. 4: Steady-state occurrence for σSAL (◦) and σSAN (×)
with left: N = 100, µ = 1000, λ = 2000, F = 2 · 108; and
right: N = 20, µ = 500, λ = 2000, F = 1.2 · 108. Green: all
trials of a configuration successful; blue: mixed results with
global and local convergence, but no steady-state; red: steady-
state occurs for all trials.

attraction region by setting y(0) = ⌈αA/2⌉ · 1 and using
σ(0) = σ∗

φ0
N/
∥∥y(0)

∥∥ with σ∗
φ0

= [(N2+8Nc2ϑµ
2)1/2−N ]1/2

(this initialization ensures a large initial step-size according to
the global structure of Rastrigin, see [12]).

For each configuration 10 trials are evaluated and there
are three possible outcomes for each run (given a budget of
function evaluations F ). For R < Rstop = 10−3 global con-
vergence is detected. For σ < σstop = 10−4 local convergence
is detected. If the budget F is exhausted and the mean value
of σ (over the last 1000 generations) is within 10% of (35),
the steady-state is detected for the σSAL. As will be seen,
no steady-state is detected for σSAN . F is determined by the
average number of function evaluations the σSAN requires to
achieve local convergence in the worst case (largest A and α),
and then increased by a factor of 10.

Figure 4 displays the results. One can clearly see that no
steady-state occurs for the σSAN (green and blue ×), while
it does occur for the σSAL (red ◦), especially at large A or
α. Both strategies are less successful for increased A or α,
which was expected (population sizing results were derived in
[2], [12]). Note that the theoretical results of Sec. III-C only
apply to ϑ = 1/2. However, the experiments in Fig. 4 (right)
confirm that similar results also hold for smaller ϑ = 1/4,
which is closer to sphere-optimal truncation ratios.

IV. STABILITY INVESTIGATION

In this section a few distinct properties of the σSAL and
σSAN are discussed by investigating the σ-dynamics under
specific conditions. It will be shown that the σSA-ES using
log-normal sampling may become unstable on a multimodal
function showing similar behavior as on a random function.
To this end, the following functions are defined

Random function fran(y) := N (0, 1) (40)

Cosine function fcos(y) :=

N∑
i=1

A(1− cos(αyi)). (41)

Note that functions (40) and (41) correspond to (1) and
(2), respectively, with removed y2i -terms. Function fcos can



be regarded as a very simple model of a highly-multimodal
function without global structure. All local attractors are equal
and at larger scales there is no preferred direction, i.e., it
appears as a flat fitness landscape. Functions fran and fcos,
albeit being completely different, will share some properties
regarding the σ-dynamics over many generations.

An updated σ(g+1) is obtained after selection of the m-th
best sampled value σ̃m;λ and intermediate recombination (see
Line 11 of Alg. 1)

σ(g+1) =
1

µ

µ∑
m=1

σ̃m;λ. (42)

On a flat fitness landscape there is no fitness preference,
c.f. analysis in [19]. This also holds on the random function
in expectation. In both cases one has

E
[
σ(g+1)

]
=

1

µ

µ∑
m=1

E [σ̃m;λ] = E [σ̃] . (43)

Applying expected value (4) (σSAL) over multiple genera-
tions g one may predict the mean σ-growth as (the notation
indicating recombination was dropped, as it has no influence)

E
[
σ
(g)
L

]
= E

[
σ(0)eτN (0,1) · · · eτN (0,1)

]
= σ(0) E

[
eτN (0,1)

]
· · ·E

[
eτN (0,1)

]
= σ(0)e

τ2

2 · · · e τ2

2 = σ(0)e
τ2

2 g.

(44)

The σSAL therefore exhibits a positive bias towards larger
mutations on the random function. For σSAN , according to
expected value (6), σ does not change (on average), such that

E
[
σ
(g)
N

]
= E

[
σ(0)(1 + τN (0, 1)) · · · (1 + τN (0, 1))

]
= σ(0) E [1 + τN (0, 1)] · · ·E [1 + τN (0, 1)] = σ(0).

(45)

Figure 5 shows the dynamics of Alg. 1 on the random func-
tion (40). The σSAL (top row) shows the expected behavior of
exponential σ-growth (44), which in turn leads to exponential
growth of R(g). Note that R is used as a pure distance
measure relative to the initial value, as there is no global
optimizer. On the other hand, σSAN (bottom row) exhibits
a stable σ-dynamics, as expected from (45), with the mean-
level remaining close to σ(0) = 1. The mean R(g)-dynamics
exhibits a random walk under constant σ (in expectation)
obeying the

√
g law of Gaussian diffusion processes. The

stability of σ(g) is useful for the subsequent experiment.
Figure 6 shows the dynamics of Alg. 1 on the cosine

function (41). The initial σ(0) = 0.5 was chosen slightly above
an escape threshold σ

(0)
esc ≈ 0.48. By choosing σ(0) < σ

(0)
esc

all runs would converge locally. Therefore, a larger value
σ(0) > σ

(0)
esc is taken to prevent immediate local convergence

and investigate the stability of the adaptation. σSAL again
shows a prominent σ-growth, as the oscillation (without global
structure) behaves in a way similar to the random function.
On a large scale the cosine function may be regarded as a flat
landscape. The observed growth agrees well with (44). Due

(a) σSAL: σ-dynamics (right) predicted by (44) (dotted cyan).

(b) σSAN : σ-dynamics (right) predicted by (45) (dotted cyan).

Fig. 5: Dynamics of 100 runs using (100/100I , 200)-ES with
y(0) = 1 and σ(0) = 1 on random function (40) (N = 100)
showing R(g) (left column) and σ(g) (right column) with τ =
1/
√
2N . The bold black curves show the mean σ-value over

all trials.

(a) σSAL: only 4 runs (out of 100) are converging locally and 96
runs exhibit divergence. σ-dynamics predicted by (44) (dotted cyan).

(b) σSAN : all runs converging locally.

Fig. 6: Dynamics of 100 runs using (100/100I , 200)-ES with
y(0) = 1 and σ(0) = 0.5 on the cosine function (41) (N =
100) showing R(g) (left column) and σ(g) (right column) with
τ = 1/

√
2N .

to the positive bias most of the runs exhibit σ-divergence and
only 4 runs converge (see runs with decreasing σ-dynamics).
Even though the cosine function is not a random function, the
bias generates positive (increasing) feedback on the σ-growth
and most runs diverge. On the other hand, using σSAN all
runs converge. There is no bias, such that σ is kept closer to
its initial value. The ES has more time to find and descend
into a local attractor, which is observed for all runs.

One could argue that the bias is useful to escape a cer-



tain region of local attraction. However, it may also prevent
convergence of the ES. The resulting behavior on multimodal
functions may resemble the dynamics on the random function
(40) or on the noisy sphere (2). The obtained theoretical and
experimental results therefore suggest choosing the normal op-
erator for self-adaptation on highly multimodal test functions.
Based on the structure of the self-adaptation response (22)
and (23), the removed bias does not change the derivation of
the default learning parameter recommendation τ = 1/

√
2N

(see also [13, (4.116)]). This property is desirable, as it
makes the change from the log-normal to the normal operator
straightforward.

V. CONCLUSIONS AND OUTLOOK

A self-adaptive Evolution Strategy adapts its mutation
strength σ by sampling from a distribution and (implicitly)
selecting successful values from the offspring population. In
this paper, the σ-sampling from a log-normal and normal
distribution were investigated on the Rastrigin function and the
noisy sphere. In the limit of high multimodality, an undesired
steady-state using log-normal sampling has been observed
which prevents convergence of the algorithm. This observation
motivated to introduce sampling from a normal distribution.

For the theoretical investigation, a steady-state condition
was defined demanding vanishing progress and a halting of
the σ-adaptation. It was shown that log-normally sampled
mutations have solutions satisfying the steady-state condition.
On the other hand, assuming µ/λ = 1/2, it could be shown
that normal sampling does not exhibit a steady-state behavior
on Rastrigin as the self-adaptation response never vanishes.
The theoretical results were validated using experiments on
Rastrigin under high multimodality by testing large values for
amplitude A and frequency α. Furthermore, the analysis has
revealed remarkable similarities between the noisy sphere and
Rastrigin in the limit of infinitely high frequency.

The observed results when sampling log-normal mutations
can be explained by the bias towards larger mutations due
to E [σ̃] > σ. Normal sampling on the other hand is un-
biased with E [σ̃] = σ. The latter has shown to be more
suitable for the optimization under high multimodality since
no halting of the σ-adaptation occurs. This should hold for
test functions that share multimodal properties with Rastrigin.
First tests have shown similar results on Bohachevsky and
Griewank functions, removing undesired steady-state behavior.
However, there are cases in which the bias is beneficial, such
as on the noisy sphere. With active population control, µ
can be gradually increased to decrease the distance to the
optimizer. The bias helps to achieve larger mutation strengths
and improve the signal-to-noise ratio. Furthermore, the bias
may help to escape regions of local attraction and improve
global convergence in some cases (observed on Bohachevsky).
A detailed experimental survey on a larger set of noisy and
multimodal test functions is left for future research.
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